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Abstract. We show that the particle number density derived from the thermodynamic 
Green's function at temperature zero constructed in the second part of this series has a jump 
across the Fermi curve, a basic property of a Fermi liquid. We further show that the two 
particle thermodynamic Green's function at temperature zero has the regularity behavior 
expected in a Fermi liquid. 
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XI. Introduction 



This paper, together with [FKTfl] and [FKTf2] provides a construction of a two 
dimensional Fermi hquid at temperature zero. This paper contains Sections XI through XV 
and Appendices C and D. Sections I through III and Appendix A are in [FKTfl] and Sections 
IV through X and Appendix B are in [FKTf2] . Notation tables are provided at the end of the 
paper. The main goal of this part is the proof of the existence of a Fermi surface, stated in 
Theorem 1.5. The proof of this theorem follows Lemma XII. 4. We assume for the rest of this 
paper that the interaction V satisfies the reality condition (I.l) and is bar/unbar exchange 
invariant in the sense of (1.2). The latter is not essential^-*^). It is used only for notational 
convenience at intermediate stages of the proof. 



W See footnote (1) in §XV. 
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XII. Momentum Green's Functions 



Recall that the momentum distribution function n(k) of Theorem 1.5 is expressed 
in terms of the Fourier transform G2{k) of the two point Green's function G2{x,y). In 
Theorem VIII. 5, we defined a generating functional Qj^{K). Following the statement 
of Theorem VIII. 5, we constructed G2{x,y) as the limit of functions 2G^-^2((^'i)'(!/'0))) 
where / dr]idr]2 G^fal^i'^s) 0(r7i)0(?72) = 2/ dxdy G''-^2{ix,i),{y,o)) 0(a;,i)0(j/,o) is the part 
of ^j^(-^)|^=o ^^^^ homogeneous of degree two. In §XV, we shall prove the following 
decomposition of the Fourier transforms, 2Gj-^2(^); these functions. 

Theorem XII. 1 Let 'i^ < W < ^. If the constants a, X > of Theorem VIII. 5 are big, 
respectively small, enough, the data of Theorem VIII. 5 may be chosen such that 2(5^^2 (^) has 
the decomposition 

2G^,{k) = Cl%{k) + ± t q^-Hk) 

i=2 

Here Uj{0) is the sectorized function ttj ((^i, si), (^2, ■§2); -ftr) and q^'^'^\k), £ > i > 2 is 
a family of functions with q^'^'^\k) vanishing when k is in the {i + 2)"^^ neighbourhood and 
and when k is not in the support o/f/(k) and obeying, for each multiindex 6 — {Sq,S) with 
|5| < 2, 

sup \B^q^''^\k)\ < 2A^-^"^M^'(^-*)M'5°*mI*I^ (XII.l) 
fc 

Furthermore fco, k) = q'(^'^)(A;o,k). 

For the rest of this section, we deduce consequences of Theorem XII.l. In Lemma 
XII. 2, we describe regularity properties of lim G^^gl^) Lemma XII. 3 we show that 

J— >oo ■'' 

Fourier transforms commute with the limit j — > 00. From this we derive properties of the 
proper self-energy and use them to prove that there is a jump in the momentum distribution 
function n(k), thus showing that Theorem XII.l implies Theorem 1.5. 

Lemma XII. 2 

i) The sequence of functions Uj{k; 0) converges uniformly to a function P{k) that vanishes at 
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A;o = and obeys 

< A^-2-min{|A;o|,l} 
|VP(A;)| < 
\VP{k) - VP{k')\ < Xl'^^'lk - k'\^ 
\P{k) -Uj{k-0)\ < Xl'^'^ljmmilkoll} 

ii) The sequence of functions Qj{k) = ^^=2 ^£=i Q^^'^^k) converges uniformly to a function 
Q{k) that vanishes unless k is in the support ofU(k) and obeys 

\Q{k)\<Xl-^^mm{\iko-e{k)\^,l} 
\l^{k)\<Xl-'^min{\iko-e{k)\Kl} 

I W - Qik% - < A^^^lfc - k'\^ 

\Q{k)- Qj{k) \ < A^-3"lj min{|iA;o - e(k)|, l} 



Hi) P{—ko, k) = P{ko, k) and Q{—ko, k) = Q{ko, k). 

Proof: i) By Lemma XIL12 of [FKTo3] and (VIII.l) 

sup \B^p^'\k)\ < 4Aj-^^M*l'^l (XII.2) 

k 

j-1 

for all \S\ < 2. Consequently, the sequence of functions Uj{k;0) = ^ p^^\k) converges 

00 

uniformly to P{k) = ^ p^'^\k) and, by Lemma C.l, with a = b!; and /? = 1 — 

|P(/c)|, |VP(A;)| < const Aj-^ < A^-^^ 
\VP{k)-VP{k') \ <constAj-^|A;-A;'|^ < A^-^^l/e - 

if Aq is small enough. Since each p^'^\k) vanishes at A; = 0, the same is true for P{k) and 
|^^(A;)| < Aq'^^'I/coI. Furthermore, 

J — 1 00 00 

\P{k)- Ep^'H^)! < E \p'^'Hk)\ < E4A^-"l,min{|/co|,l} <constA^-"l,min{|/co|,l} 

i=2 i=j i=j 

< Aj-2-l, min{|A;o|,l} 
ii) As \q^''^\k)\ < 2Aj-2"^M^'(^-^) and 

i=2 i=2 



the sequence of functions Qj(/c) = converges uniformly to 

2<i<£<j 



Q{k)= ^ g(^'^)(A:) 

2<i<(. 

By Lemma C.l, with j = £ - i, Cq = Xl'^'^j^, Ci = Xl'^^'U, a = 1 -W + ^ and p = W 

oo oo 

\EQ^'''Hk)-ZQ^'''Kk')\< const Xl-^^k\k-k'\'-'' +'' 

e=i £=i 

and by Lemma C.l, with j = £ - Cq = A^-^^l^, Ci = Xl'^'^kM^ a = 1 - + and 

I E ^(/^) - E ^(^01 < const Xl-'^kM('-^'+^^^\k - /cf 

Pick any ^ < < ^ and set 7 = j^r^- Note that, since 1 - ^1;' > 0, < 7 < 1. Taking 
the 7**^ power of this bound and multiplying by the (1 — 7)**^ power of the bound 



00 



E '-^{k) - E '-^{k')\ < 2sup ^(fc) < 4 E A^-f^iTa-^ 



< const Aq li 



gives 



E %f(k) - E < const Aj-liMX-'Ifc - 

i £=i 



Hence 



\Q{k)-Q{k') \ < const Aj-2"|fc-fcf-^'+^ < A^-^^IA; - 

<constA^^-|/c-/cr" <Ar^|/c-/c'|^ ^^^^ 

if Ao is small enough. 

By hypothesis, every q^^'^\k) vanishes on the {i + 2)'^'^ neighbourhood. Hence, for 
k in the support of v^'^\k)^ q^'^'^\k) vanishes when i + 2 < m and 

00 00 00 00 

\Qik)\< E E\<l^'''\k)\<2Xl-'^ E Ei&tM^(^-)< const A^-^-^ 

i=m — 2 l=i i=m — 2 £=i 

< const Aj-2" min {\iko - e(k) | l} < A^-^^ min {\iko - e(k) | ^ l} 
\&)\< E E|^(/^)|<2Ar^ E El.M-(^-^'+^)(^-^)< const A^^U 

i=m— 2 £=i i=m — 2 £=i 

< const A^-^^ min { I i/co - e(k) f , 1 } < A^"^^ min { |i/co - e(k) | ^ 1 } 

(xn.4) 



In general 

j CO CO oo 

i=2e=j+i i=j+ie=i 

So, for k in the support of i'^'^\k), 

m-2<i<j i=max{m-2J+l} 

oo 

<con«tA;-{ ^M»'«-)+ ^ ^} 

m — 2<i<j i=max{m—2,j+l} 

< f^r>naf \ 1 — J tmax{m,j} ^^N'(max{m,.7}-m) , tmax{m,j} ( 

< const AJ-2^^|m(^'-i)('"^"{^'^>-^) + 1} 

< const Aq"^""-^ 

< A^-2^ljmin{|i/co -e(k)|,l} 



iii) That ■Uj(— fco, k; 0) = ■Uj(A;o, k; 0) and A;o, k) = q'(*'^)(A;o,k) are consequences of 

Theorems VIII. 5 and XII. 1, respectively. 



Lemma XII. 3 

GoCrO ra;n X Tl^i - I dhoJ^K, p-i(-feoa;o+k-x) f U(k) Q(fc) 1 

«-f2 ^u, u, I {Xo, X, I ; j - y 3^ e <^ ifco-e(k)-P(fc) [ifco-e(k)]2 / 

(with the value o/G2((0, 0, t), (a^O) x, |)) ai = defined through the limit xq — > 0+J and the 
Fourier transform o/G'2 ((0, 0, t), {xq, x, t)) is iko-e{i^-p{k) + p^^t)F' ^^^"^^ continuous 
at all points (A;o,k) for which iko — e(k) 7^ 0. 



Proof: By the definitions of Qj and u{k) (Definition Vl.S.iv) 

^S-,2UU'U' l'-LM^O,X, |,U;j - J ^(2^ e [ifeo-e(k)-«,(fc;0) + [ifeo-e(k)]^ 

Hence 

e-^(-'=o-+'^-){-J^ + pSw} - 2GS((0, 0, T, 1), (xo, X, T, 0)) 

_ fdkoj^ ^-i(-feoXo+k.x) r ^(k)-i.(^^)(fc) ^(^^)(fc)[P(fc)-A,(fc;0)] Q(fc)-Q,(fc) 

~ 2n (27r)<* [ifeo-e(k)-P(fe) [ifeo-e(k)-Mj(fc;0)l[ifeo-e(k)-P(fc)l [ifco-e(k)12 



Let U (k) be the characteristic function of the support of U (k). By Lemma XIL2, all three of 



Q{k)-Qj{k) 
[ifco-e(k)]2 

C/(k)-i/<^-J')(fc) 



^ min{|ifco~e(k)|,l} 
- Kfcu-e(k)P 



U{k) 



ifco-e(k)-P(fc) 

u^^'\k)[Pik)-Ujik;0)] 
[iko-e{U.)-Uj (fe;0)] [ifeo-e(k)-P(fc)] 



ifco-e(k)-P(A;) 



< 2^ 



|iA;o-e(k)| 



converge to zero in L^(IR '^^) as j — >^ oo. Consequently, 2G^^2((0'0' T' 1)' (^^o^x, t,0)) con- 
verges uniformly to J e-(-^o.o+k.x)|__|W__ + ^^^^^«^} as j tends to in- 

finity. In the proof of Theorem 1.4, we defined G2((o,o,T),(a;o,x,T)) as the pointwise limit of the 
2G^.^2((0'0'T.i)X^o,x,T,o))'s. Hence 



G2((0,0,T),(xo,x,T)) 
Write 



2-n- {2n) 



t/(k) 



ifco-e(k)-P(fe) ^ [ifco-e(k)12 



+ 



Q{k) 



G2((0, 0, t),(a;o,x, t)) = a(a;o,x) -h6(a;o,x) -hc(a;o,x) 



with 

a(a;o,x) = 
6(a;o,x) = 
c(a;o,x) = y 

^(k) = iC(0'k) 
By repeated use of Lemma XII. 2, 



dko 


d^'k 


e~ 




-koxo+k-x) 


C/(k) 


277 


(27r)'* 




i(l-u)(k))feo-e(k) 


dko 


d'^k 


e~ 




-koxo+k-x) 


;7(k) [P(fc)-jw(k)fco] 


2n 


(27r)<* 




[i(l-?i;(k))fco-e(k)][ifeo-e(k)-P(fc)] 


dko 


d'^k 


e~ 




-feoa;o+k-x) 


Q(k) 


27T 


(27r)<^ 








[ifco-e(k)J^ 



Q(k) 



[iA:o-e(k)J2 
t/(k)[P(fc)-iw(k)fco] 



^ ^'^O |ifco-e(k)p e j 



u;(k))feo-e(k)][ifco-e(k)-P(A;)] 

SO the Fourier transform of b{xo, x) -|- c{xo, x) exists and equals 



[/(k)[P(fc)-iw(k)fco] 



Q(k) 



Observe that 



where 



[i(l-w(k))A;o-e(k)][ifco-e(k)-P(fe)] ^ [ifeo-e(k)]2 



1 if e(k) < and a;o > 
X(k, a;o) = <j -1 if e(k) > and a;o < 
otherwise 
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As ^-^C7(k)e^o''('^)/(i-™('')) is in L^{Wi'^), the spatial Fourier transform / rf'^x e^*^"^ a{xo, x) 
exists and equals U{\s.)e''°'^^^''^^^~'^^^^'>x0^i ^o)- A direct computation now shows that 

the temporal Fourier transform J dxo e~^'^°''° U(k.)e^°'^^^^/^^~'^^^^^x0^j ^o) exists and 

equals t(i-w(kj)fco-e(k) - Thus the Fourier transform of G2 ((0, 0, t), (xq, x, f)) exists and equals 
ifco-e^k^-p(fc) + [ifco-i?k)]2 ^ which, by Lemma XII.2, is continuous except when iko - e(k) 7^ 0. 



Lemma XIL4 Let S{ko,k) be a function that obeys 

• 5(^0, k) and ^^(/co,k) are continuous in (/co,k) and t/iere are C,s > such that 



_dS 



|(fco,k)-g(0,k)|<C|fco| 



• -S(0,k) and ^ g(0,k) are rea/. 



Define 



S'(A;o,k)|, g(A;o,k) < ^ and |^(0, k)| < i|e(k) 



iV(k, r) = I .feo-e(k;-5(.o,k) ^(k) = iV(k, r) 
T/ien A'"(k) is continuous except on the Fermi surface F. If ii E F, then lirn A^(k) and 

k — 
e(k)>0 

lim A^(k) exist and obey 

k-*k 
e(k)<0 



lim Nik)- lim iV(k)=[l-ig(0,k)] 



k-»k k-»k 
e(k)<0 e(k)>0 



Proof: Define 

^(k) = l-i£(0,k) 



£;(k) = e(k) + 5(0,k) 
R{ko,k) = S{ko,k) - 5(0, k) - g(0,k) /CO 

and observe that 

iko - e(k) - S{ko, k) = z/co - g (0, k) ko - e(k) - 5(0, k) - R{ko,k) 

= iA(k)ko - E(k) - Riko.k) 

Hence, for any rj > 0, 

N{k, r) = /i(k, r) + /2(k, r) + /3(k, r) - /^(k, r) + /4(k, r) 
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with 



/l(k,T 
/2(k,T 
^3(k,T 



\ko\<V 



dko e*'°o'^ 
1^ M(k)A;o-E(k) 



|fc()l<'? 



dkp 
2n 



iA(k)feo--B(k)-i?(feo,k) ~ M(k)A;o--B(k) 



27r ifco— e(k) 



|fco|<»7 



27r ifeo— e(k) 



dkp 
2tt 



ifco— e(k) — S(feo,k) ifeo— e(k) 



'|fco|>r; 

We shall later fix some small rj. 

Control of h: Let e > 0. On the set = { (t, k) | r e H, |e(k)| > e }, the integrand 
i^(k)fco--E(k) continuous in (r, k), for each fixed ko, and is uniformly bounded by |. Hence, 
by the Lebesgue dominated convergence theorem, Ii (r, k) is continuous on and obeys 



lim/i(T,k)= / 



\ko\<V 



dkp 1 

27T iA{k)ko-E(k) 



\ko\<v 



-I 



|A;o|<'7 
sgn E{k) 



dkp iA{k)ko + E{k) 

2-K A(k)2feg+£;(k)2 

dko E{k) 

2n A(k)2A;g+£;(k)2 



A(k) 

_ sgne(k) 1 / I A(k) \\ 



Since 



we have 



e(k) 
e(k)#0 



lim lim/i(r, k)- lim lim /i(r, k) = lM(k) 

e(k)<0 e(k)>0 



(XIL5) 



Control of I2: Since |zA(k)/co — > ||A;o| and, for some fco between and A;o, 



|i?(fco,k)| = |/co[g(^o,k) - g(0,k)] I < C|/co 



l+£ 



and 



|a(k)/co-^(k) -i?(/co,k)| > |A(k)fco -Imi?(fco,k)| = | A(k)fco - Im [i?(fco, k) - i?(0, k 
= I fco [A(k) - Im ^ (fco , k)] I = I /CO [A(k) - Im { g (fco , k) - ^ (0, k) }] I 

> il/Cnl 



if T] is small enough, the integrand 



iA(k)feo-S(k)-fl(fco,k) M(k)A;o--E(k) 



e'''o^fl(fco,k) 

[iA{U.)ko-E{}i)][iA{U)ko-E{U.)-R{koM)] 



is uniformly bounded in magnitude, on the domain of integration, by the integrable function 
l^^pr^- Since the integrand is, for each fixed ko 7^ 0, continuous in (r, k), the Lebesgue 
dominated convergence theorem implies that I2 (r, k) is continuous (r, k) and, in particular. 



lim lim /ofr, k) — lim lim 19 (r, k) = 

k^k r^O k^k r^O 

e(k)<0 e(k)>0 



(XII.6) 



Control of I3 and I^: By residues, for all r > and e(k) 7^ 0, 

r . , , r if e(k) > 

h{r,k)-<^^ei^.)r ife(k)<0 

Hence h{T, k) is continuous in (r, k) for all k with e(k) 7^ 0, and obeys 



lim lim /qfr, k) — lim lim /q(t, k) = 1 

k^k T-I-0+ k^ic T-^0+ 

e(k)<0 e(k)>0 



(XII. 7) 



As in the "Control of /i" , but with A{\s.) = 1 and -E(k) = e(k), I^iT, k) is continuous in (r, k) 
for all k with e(k) 7^ 0, and obeys 



lirn lim I'^i^r, k) — lirn lim /3(t, k) = 1 

k— ►k T — >0 k— >k T — >0 
e(k)<0 e(k)>0 



(XIL8) 



Control 0//4; Since |5'(A;o,k)| < |, \iko — e(k)| > |A;o| and, for some ko between and ko, 

\iko-e(k)- S{ko,k) \ > \ko -IinS{ko,k) \ = |fco - Im[5(A;o,k) - ,S(0,k)]| 

= |/co[l-Img(fco,k)]| > i|A;o| 

the integrand 



ifco — e(k) — S(feo,k) ifeo— e(k) 



[ifeo-e(k)][ifco-e(k)-S(fco,k)] 



is uniformly bounded in magnitude, on the domain of integration, by the integrable function 
p-. Since the integrand is, for each fixed ko, continuous in (r, k), the Lebesgue dominated 



convergence theorem implies that /4(t, k) is continuous (r, k) and, in particular, 

lim lim/4(T, k)— lim lim/^fr, k) = 

k^k T—>0 k^k T—>0 

e(k)<0 e(k)>0 



(XII.9) 



Combining (XII.5-XII.9) gives the desired jump. 
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Proof of Theorem 1.5 from Theorem XII. 1: Define 

N, (k, r) = I e^'^o^ .feo-J[glp(fe) ^1 (k) = (k, r ) 

Then, by Lemma XII. 3, 

n{k) = Ni{k) + N2{k) 

By Lemma XIL2.ii, the integrand 6^^°'^ [ifco-e(k)]2 continuous in r and k, except possibly 
when iko — e(k) = 0, and is uniformly bounded by 

3 

ifcpT Qjk) ' 



^ [ifeo-e(k)]2 



s Ai-^' -'-'igqw i '." < a;-^" ™„ ■ } e L>(iR) 



Hence, by the Lebesgue dominated convergence theorem, A^2(k, r) is continuous. Hence, so 
is A^2(k). In Lemma XII. 2, parts (i) and (iii), we showed that P{k) satisfies the conditions 
imposed on the function S{k) in Lemma XII. 4. So, by Lemma XII.4, with S{k) replaced by 
A''! (k) is continuous except on F and if k e F, then lirn A^i(k) and lirn A''! (k) exist 



k->k k->k 

e(k)>0 e(k)<0 

and obey 

hm N^{k)- hrn iVi(k) = [l - 4 £(0, k)] 

e(k)<0 e{k)>0 

Since A^2(k) is continuous, n{k) is continuous except on F and if k e F, then lirn n(k) and 

k — *k 

e(k)>0 

lirn n(k) exist and obey 

k — >-k 
e(k)<0 

Ihn n(k) - Ihn n(k) = [l - f |g(0,k)]-' 

e(k)<0 e(k)>0 

The remaining conclusions of Theorem 1.5 were proven in Lemma XII. 3. ■ 



If k is such that U{k) = 1, then 



t/(k) ^ Q(fc) _ 



ifeo-e(k)-P(fc) ^ [ifco-e(k)]2 — ifco-e(k)-E(fe) 

with 

. _ m+Qik)-Qik)-i^ 

I I Q(k) P{k) Qjk) 

ifeo— e(k) — e(k) ifco— e(k) 

is usually called the proper self-energy. For the sake of completeness, we summarize the 
properties of S(A;) proven in this paper and its relationship to the function P{k) used above. 
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Lemma XII.5 Let | < ^" < « < |. Then 



\j:{k)-P{k)\ < Aj-^"min{|iA;o -e(k)|%l} 
\m - m% Ig(^) - Mik')\ < constXl-'^\k - kT" < A^^l/c - kf^ 



Proof: Writing E{k) = iko — e(k) and differentiating 

X _ E{kfP{k)+E{kfQ{k)-E{k)P{ky 
^y^) — E{k)-^+E{k)Q{k)-P{k)Q{k) 

with respect to /cq yields 

dT, — ^^-^-^ ^ ^ dk^ ^ ^o^y^ -r ^ ^ ^ ^ ^dk^"^ ^ dk^ 



^ 2iEP + E'§^ + 2iEQ + E'^-iPQ- E§ ,Q - EPp- 
9''°^^ E{kY + E{k)Q{k) - P{k)Q{k) 



[E'P + E'Q - EPQ] [2iE + iQ + eI^ - - P§^] 



[E{kY + E{k)Q{k) - P{k)Q{k)f 
Implementing the cancellation (of terms of the form E'^P) 

2iEP _ [E^P+E^Q-EQP]2iE _ 2iE^Q+2iEP^Q-UE'^ PQ 
E^+EQ-PQ [E^+EQ-PQ]^ — [E'^+EQ-PQ]^ 

we have 

E^-lf + 2iEQ + E^^-iPQ- E^Q - EP^ 

/J \ _ oko ^ akp ^ dkp ^ dkp 

dkn ^ ' 



E{k)^ + E{k)Q{k) - P{k)Q{k) 

1 dQ _ dP_Q 

' dka dko ^ dkf) J 



[E^P + E^Q - EPQ][iQ + E§^ - §fQ - P|^] + 2iE^Q + 2iEP^Q - UE^PQ 



[E{kY + E{k)Q{k) - P{k)Q{k)f 

Observe that, if we weight E, P and Q with degree one and we weight ^ and ^ with 
degree zero, then both the numerator and denominator of the first term are homogeneous of 
degree two and both the numerator and denominator of the second term are homogeneous of 
degree four. This sort of homogeneity information can be used in place of the explicit formula 
for 

Define, for m = 0, 1, 2, 

C)(m)n\_ {ikorQjk) _ V- (ifepj-gt^'^) (fc) _ V- MA^)(),) 

^ y'^) — [ifeo-e(k)]'"+i - [ifeo-e(k)]'»+i ~ ^ ^'^^ 

2<j<£ 2<j<£ 

y'^) — [ifeo-e(k)]'^ dko " [ifco-e(k)]'" dko ~ ^0 \'^) 

2<j<e 2<j<£ 
oo oo 

j=2 j=2 



11 



with = fg^fpS and qr^-\k) = p^^^ vanishing on the {j + 2^ 

neighbourhood and obeying 

sup |D'^g(^'^'"^)(A;)|,sup q^''^''^\k)\ < const A^-^^^M^'^^-^'^M^M^'^oM^I*! 

k (XII.IO) 
< const A^2n,.M-(i+^-^')(^-^-)M^I^I 

for |5| < 1 andp(^)(A;) = ^ = -i ^{tko,k)dt obeying 

sup \D^P^^\k) \ < const A^-^[jM^I^I 

for all |5| < 1. The right hand side of (XII.IO) coincides with the bounds on that were 

used in the derivation of the second bounds of (XII. 3) and (XII.4). Hence, for m = 0, 1, 2, 

\Q^'^\k)\,\Q''^\k)\ < const Aj-2^min{|iA;o-e(k) 1^,1} \P{k)\ < A^-^^ (XII.ll) 

and 

\Q^'^\k) - Q^'^Hk')], \Qi'"\k) - Qlr\k% \P{k) - P{k')\ < const A^-'^jfe - k'f (XII.12) 

The bound on P is a direct application of Lemma C.l with a = b!; and P = 1 — 'ii. In terms 
of these new functions, 

P(A;) +Q(A;) -P(fc)QW(fc) 
l + Q(o)(A;) -P(fc)Q(i)(A;) 

^ Q{k) - 2P(fc)QW(fc) + P(fc)P(fc)Q(^)(fc) 
^ ' 1 + Q(o\k) - P{k)Q(^\k) 

£ + 2zg(o) + Qr-zPQW-£g(o)-pg(^) 

l + Q(0)-pQ{l) 
[l + Q(0)_pQ(l)]2 

[g(0) _ PQ(i)][zg(0) + qW - IgQ(o) - PqW] + 2zQ(°) + 2zP^g(^) - 4zPQ(i) 

[i + g(o)-pg(i)]2 

(XII. 13) 

Both E(A;) and ^(A;) are rational functions in the variables P, P, |g, g, g(°), g^^), g^^)^ 
Qo^\ Qq^^ and go • all of these variables are bounded in magnitude by Aq~^^, the 
numerators contain no constant terms and the denominators are bounded away from zero, 

|£W|< const A^-^-<A^^- 
12 



E(/c) = 
E(/c)- 



Each term in the numerator of T,{k) — P{k) contains either a factor of Q{k) or a factor of 
P{k)Q^-^\k) so that, using the bound on Q{k) in (XII. 4), 

\T.{k)- P{k) \ < const Aj-2^min{|i/co - e(k)|^+^, 1} < A^"^^ min{|i/eo - e(k)|i, 1} 

Applying a Taylor expansion with degree one remainder and with expansion point xq = P{k), 
yo = P{k), ■ ■ ■ , zq = Qq ' {k) and evaluation point x = P{k'), y = P{k'), ■ ■ ■ , z = Qq {k'), 

\E{k)-E{k')\ < const max||P(fc) \P{k) - P{k')\, ■ ■ ■ ,\Q^Q\k) - Q^o\k')\^ 

< const Xl-^'^lk-k'f 

\&) - £(^01 < const max {|P(/.) - P{k% \P{k) - P{k% • • • , \Q^^\k) - Q^^\k')\} 

< const Xl-^^'lk-k'f' 



Remark XII.6 We have proven, in Lemma XII. 5, only very limited regularity properties of 
the proper self-energy T,{k). It is proven in [FST3], that, to all finite orders of perturbation 
theory, the proper self-energy is C^~^ for every e > 0. While we prove the convergence of 
perturbation theory in the course of proving Theorems 1.4 and 1.5, the convergence proof 
does not give sufficient control over derivatives to allow us to rigorously conclude that S is 



The amputation used in the input and output data of §XV multiplies all external 
legs by A{k) = iko — e(k). The following lemma bounds the functions used to change to the 
amputation in which one multiplies by iko — e(k) — Ti{k) , the inverse of the physical two-point 
function, instead. 

Lemma XII. 7 

t) Let A^{k) = ^(<0(fc) -^°-;W-P(fc) . Then 

11^1 (^) II < const Ci 



a) Let A2{k) = 



iA:o-e(k)-S(fc) 
ifco-e(k)-P(fe) • 



Then 



|^2(fc)| <2 \A2ik) - A2{k')\ 



< 



-3v\ 



k-k'\^ 
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Proof: Since p^^^ (k) is supported on the j^^ neighbourhood, 



i+1 



ifeo — e(k) ^ 

J=2 



Since Cj < 1 + const ¥n:Ci for all j < i + 1 



i+l 



< const A^-^[l + ^Ci] 



1-v [,• 



Also ll^^^-^H^)!! ^ const Ci and 



4- — -tttII < const M*Ct, so that 

ifeo— e(k) II — " 



and 



sup 

k 



aF" ifeo-e(k) 



sup 

k 



sup 

k 



9" V- ^0), 



< const M 



i\d\ 



dk^' ^ „ 
J=2 



< const M^(l^l+i)Ai-^M^(l^'l-i) < const A^-"M^I^+^'I 



provided 5' ^ 0. This handles all contributions to ||Ai(A;)|| except those for which no 
derivatives act on P{k). For those contributions, we write P{k) = ikoP{k) and use that 
< A^-^" so that 



^y^'dk^ iko-eiU.) 

Now we move on to 



sup 

k 



sup 

k 



'^OaF"ifeo-e(k) 



< const Aj-^^M*!-^! 



A2ik) = l- 

In the notation of the proof of Lemma XII. 5, 



S(fc)-P(fc) 
iko-e{k)-P{k) 



A^ik) 



E(fc)-P(fc) _ Q(fc)-2P(fc)Q<°>(fc)+P(fc)P(fc)Q<^>(fc) 
ifeo-e(k)-P(fe) ~ [l+QW{k)-P{k)QW{k)][E{k)-P{k)] 

^ Q^°Hk)-2Pik)Q'-^\k)+PikfQ'-^\{k) 
[l+Q(o){k)-P{k)QW{k)][l-Ko{k)P{k)] 

^ A3{k) 

l-ko{k)P(k) 



where -^o(^) = Jf^ and ^3(^) 
and (XII.12) on Q^"^) and P 



|A3(A;)| < const A^-2^min{|iA;o -e(k) 1^,1} l^laW - ^3(A:')| < const A^-^^jfc - 

(XIL14) 
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To bound |^3(A;) — ^3(A;')|, we used a Taylor expansion argument as in Lemma XII. 5. 

Let I be such that <\k-k'\< If either \E{k)\ < or \E{k')\ < then 
both \E{k)\, \E{k')\ < and, by (XII. 11) and (XII. 14), 

\A^{k)l\A^{k')\ < const A^-^"j^^ < const A^-2^|/c - 

If both \E[k)\ > and \E{k')\ > then 



max{|E(/c)|, \E{k')\} < const min{|E(/c)|, \E{k')\} 



and 

\ko{k) - ko{k')\ < min |2, const ^in{| ^fc^^ Woll } - '''''^^ ( max{|i(^)|,|g(fcOI} ) 

Hence, by (XII.14), (XII.ll) and (XII.12) 

\A^{K) Aa{K)\- i_^„(fc,)p(fc,) + ^3l/c; [i-Ko{k)P{k)][l-ko{k')P{k')] 

< const A^-^^l/c - k'f + const \l-^''\E{k)\^\kQ{k) - Ko(/c')| \P{1^)\ 

+ const \l-^''\kQ{k')\\P{k) - P{k')\ 

< const A^- 2" I A; - k'f + const A^-'^jA; - A;'|^ 

The desired bounds on A2 follow. 
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XIII. Momentum Space Norms 



Theorem XII. 1 is concerned with the Fourier transforms of the two point functions 
^]%{ViiV'2)- In the proof of Theorem VIII. 5, built up recursively from contributions 

to effective interactions with two, one or no external fields. To control G^fa, we control the 
partial Fourier transforms, with respect to the external variables, of these contributions. In 
this chapter, we provide the notation to do this. In particular, we specify norms for functions 
that depend on "external" momentum and "internal" sectorized position variables. 

Definition XIII. 1 (Partial Fourier transforms) Let f{vi,---,Vm;^i,---,^n) be a translation 
invariant function on B"^ x B". If n > 1, the partial Fourier transform /~ is defined, using 
the notation of Definition VI. 1, by 

/~(»7i,---,»7m;6,---,^r.) = J (^Yl E+{fii,rji)dr]i^ f{m,--,Vm;^i,---,u) 

or, equivalently, by 

If n = 0, we set /~ = /. 

Definition XIII. 2 If 0(?7) is a Grassmann field, we set for, fj = {k, cr, a) e B, 

4>{fj) = J dr] E_{fj,r])(f){r]) = J dxgd'^x e~'^~-^^''*^'''^>-0(a:o, x, a, a) 

Remark XIII. 3 A translation invariant sectorized Grassmann function W can be uniquely 
written in the form 

m,n J 

with Wm,n antisymmetric separately in the r] and in the ^ variables. Then, under the Fourier 
transform Definitions XIII. 1 and XIII. 2, 



/m 
n 72OT WZ,0{vu-,Vm) {2.r+'d{f,l + -+Vr.) 4>{m)---4>{Vm) 
i=l 



"i." J i=l ^ i=l 
n> 1 
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Definition XIII.4 A function f{'ni,---,'nm;^i,---,^n) on B'^ x B", with n > 1, is said to be 
translation invariant if 

for all t G IR X IR*^. A distribution f{m,---,fi^) on B"^ is said to be translation invariant 
if it is supported on fji + ■■■ + fjm = 0. Recall, from just before Definition VI. 1, that if 
fj = {k, a, a), fj' = {k', a', a') e B, then f] + f]' ^ (-1)" k + (-1)"' fc' G IR x IR'^. 

The partial Fourier transform of a translation invariant function on B^ x is a translation 
invariant function on B"^ x B^. 



Definition XIII. 5 (Differential— decay operators) Let m, n > 0. If n > 1, let / be a 

function on B"^ x If n = 0, let / be a function on 

Bm={ im,---,flm) eB"^ \fll + --- + flm = 0} 



i) For 1 < j < m and a multiindex S set 

£—1 ^3,0 '^j:d 



ii) Let l<Z7i^ J <m + n and S a multiindex. Set 

Dij^{D,-DjYf ifl<i<j<m 

Df.^f = (D, - ^j-^y f iil<i<m, m + l<j <m + n 

Bijf = {^i-Dj_mY f ifm+l<i<m + n, l<j<m 

Df;,-/ = (Ci-m - ^j-m)' f = T>f_^j_^f if m+l<i<j <m + n 

The decay operator Vij was defined in Definition V.l. 

iii) A differential-decay operator (dd-operator) of type (m, n), with m + n > 2, is an operator 
D of the form 

with 1 < Z£ 7^ < m + n for all 1 < £ < r. A dd-operator of type (1,0) is an operator of the 
form D = Df ' • ■ ■ Df . The total order of D is 5(D) = 5^^) + • • ■ + 5^'^\ 
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Remark XIII.6 

i) For a translation invariant function (/? on B'^ x 

In particular, Leibniz's rule also applies for differential-decay operators. 

ii) Let / be a translation invariant function on B"^ x B. Then, for ^ = (xq, x, u, a) e B, 

fim, ■■■,Vm;0 = e^<'^^+-+'^-'(-°'^)>- /(771, ■■■,fjm; (0, a, a)) 

Consequently, for 1 < z < m and a multiindex S 

H,m+ifim,-,vr.;i) = e^<'^i+-+'^'".(-0'-))- Df • -.,77^; (0, a, a)) 

Definition XIII. 7 For a function / on Bm, set 

11/11= E i ^ .F^^ . ^^P {m,-,vm)\t^ 

tut'? ^ "^"^ — operator - ' ' 

Let / be a function on B"^ x with n > 1. Set 

11/11= E iioad"^^^t |||D/(^i,-,r/^;$i,-,€n)|||i^ t"^ 

i-^i»T hvtq Ddd — operator , _ ^ iiix,(_xj 

The norm ||| ■ |||i,oo of Definition V.3 refers to the variables ^1, That is, 

|||D/ (»?l,---,»7m;^l,---,^n)|||i ^ = max sup / TT rf^j |D / (77l,--,77^;6,---,$n)| 

SJO^" j = l,--,ri 

Remark XIII. 8 In the case m = the norm || • ||i,oo of Definition V.3 and the norm || • || 
of Definition XIII. 7 agree. 

Definition XIII. 9 We amputate a Grassmann function by applying the Fourier transform 
A, in the sense of Notation V.4, of A{k) — iko — e(k) to its external arguments. Precisely, if 
yV{(f), ijj) is a Grassmann function, then 

where 
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Remark XIII.IO If C{^,^') is the covariance associated to C{k) in the sense of (III.l) and 
(III. 2) and J is the particle hole swap operator of (III. 3), then, by parts (i) and (ii) of Lemma 
IX.5 of [FKTo2], 

j drjdrj' C{iMrj,rj')A{rj',i) = 
where E is the Fourier transform of {ika — e(k))C(/c) in the sense of Notation V.4. 

Integrating out the first few scales is controlled much as in Theorem V.8. 

Theorem XIII. 11 There are (M and Jq -dependent) constants A, jj, and (5q such that, for 

all Ao < A and (3o < (3 < the following holds: 

Let X e ^d+i with Xq < /i, Se E S with ||5e||i^oo ^ X and 

with an antisymmetric function V fulfilling 

||^||i,oo < Ao eo(X) 

Write 

-5e 



m,n>0 J + n 
m-\-n even 

with kernels Wm,n that are separately antisymmetric under permutations of their rj and ^ 
arguments. Then 

E Pm;n \\W:r,{Se)\\~< /J^A^ eo(X) 



m-\-n even 



and 

E r^"" Prn;n\\iWZ:n{Se + s6eXJ\< P^'X-otoiX) \\6e'\\,,. 



m-\-n even 



where 



, m 1? / 7 
~ A(j 

Pm;n — , (i-u) max {m+n — 2,2} /2 

•^0 



and V was fixed in Definition V. 6. 

Proof: Apply Theorem X.12 of [FKTo2] with pm,n = Pm;n, 

S — const /3^Aq ^ cousiXq 

and e' = Aq^^. Observe that, Pm;n is X^^^'^ times the Pm;n of Remark VIII. 7. iii of [FKTo2]. 
So the hypotheses of Theorem X.12 concerning Pm;n are fulfilled. Choosing A small enough 
ensures that the hypotheses e,e' < Eq of Theorem X.12 are satisfied. 
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In the course of exhibiting control over amputated Green's functions in momentum space, we 
must deal with kernels having external arguments in momentum space and internal arguments 
sectorized and in position space. 



Definition XIII. 12 (Momentum Space Norms) Let p be a natural number and S a 
sectorization. 

(i) For a function / on Bm we define 



when m < p < m + n . The norm ||| • |||i,oo of Definition V.3 refers to the variables 

Remark XIII. 13 In the case m — the norm | • |p x; *-*f Definition VI. 6 and the norm | • |p 
of Definition XIII. 12 agree. 

Definition XIII. 14 Let m, n > and E a sectorization. For n > 1, denote by E) 
the space of all translation invariant, complex valued functions f{vi,---,fim;{(,i,si),---,{Cn,sn)) 
on X (^B X E)" whose Fourier transform /(t^i,---,?)™; (Ii,si), s„)) vanishes unless ki G Si 
for all I < j < n. Here, = {ki,ai,ai). Also, let JF^(0;E) be the space of all momentum 
conserving, complex valued functions /(?7i,- -,i?m) on B"^. 



We now provide the analogue of Definition VI.G.ii for the | |-norms. Let j > 2 and 




(ii) For a translation invariant function / on B"^ x (B x E)"^ with n > 1, we set j/j^ y. ~ ^ 
when p>m + n or p<m, and 




let Ej be the sectorization of scale j and length Ij = 



1 



fixed just before Definition VI. 4. 



Definition XIII. 15 



i) For / e J^m{n; set 




l/ll,E, + Ifk^, + i \fk^, + J- l/l4,i:, + IJ l/l5,E, + ^ I/I 
l/ll,Ej- + J- l/l3,E,- + ^ l/l5,E,- 



6,E,- 



if m ^ 



if m = 
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ii) An even sectorized Grassmann function w can be uniquely written in the form 

w{(j),1p) = Yli / drii---drirndii---din Wm^n{vi,---,rimi£.i,si),---,{£.n.,8n)) 
m,n J 

with Wm,n antisymmetric separately in the rj and in the ^ variables. Set, for ck > and 



m,n>0 



m,n\j 



where „ is the partial Fourier transform of Wm,n of Definition XIII. 1 and b = 
4max{4B3,B4} with B3, B4 being the constants of Proposition XVI. 8 of [FKTo3]. 

Remark XIII. 16 In particular, for the "pure 0" part of w, 



N-{w{cf>,0),a,X) = tj{X) 



The sectorized version of Theorem XIII. 11 is 

Theorem XIII. 17 For K e set 

u{K) = -[K,^,]^ e.Fo(2,E,-J 

where i^ext was defined in Definition E.3 of [FKTo4]- Then there exist constants a, A > 
such that for all < Xq < X, a < a < —^r/jo 



the T,jg -sectorized representative w{(j),ip;K) of (<jo) (V(i/))) (0, V') — k^'J^uiK) 
structed in Theorem VI. 12 may he chosen to obey 

N-{w-iK),a, ||K||i,E,J < const a^A^,^ (||K|| i,^, J 

^;;(i«'"(^ + ^^')L=o'«' < const a%"e,„(||K||i,E,J ||i^'||i,E,, 

for all K' . Furthermore w°'((j), ip, K) — w°'{Q, ip, K) vanishes unless v^-^^^^* nonzero. 

Proof: Write 



u(K) ^ > 

+ / rfm---rf'7m d6---d^r. Wr„,n('7i,---,'?m,^i,---,^Ti) 0(»7i) • • • 0('7m) V'(^i) ■ ■ • V'(^ri) 

m,n>0 J Qm+n 



m-i-'n even 
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and set, as in Theorem VI. 12, 

iWm,n)y,. if (m,n)^ (0,4) 



'^m,n 



JO 

{Wo,4 + V)j:.^ if (m,n) = (0,4) 



using the sectorization /e of Definition XIX. 14 of [FKTo4]. By Proposition XIX. 15 of [FKTo4] 

^° m,n>0 

< const c,„(||K||i,E,J \^ nii.oo + E (const ||W-;^7J 



By hypothesis 



^0 m,n>0 



and by Theorem XIII. 11, with 5e = —u, X = const ||K||i,Ejo and /? = const a, 

E (const a)-+-p^;n \K-J < /3^ASeo(X) < constc^A^ e,^ (||K||i,e,J 

m,n>0 

Therefore, by CoroUary A.5.ii of [FKTol], 



N-{w'^{K),a, ||K||i,E,J < const a^A^ (||K||i,e,J 

< const a^A^ejo(||K||i,E,. ) 



The proof of the bound on N^^(^^w"'{K + sK')\^_^, a, ||i^||i,Sj(,) is similar. 
By Lemma VII.3 of [FKTo2], 



Since (<jp)(V(V')) (</>,'(/') is independent of and since C^j^^Jcj) vanishes unless is 
nonzero, w°'{(j), K) — w"(0, ip, K) vanishes unless is nonzero. ■ 
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XIV. Ladders with External Momenta 



In the proof of Theorem VIII. 5, ladders and iterated particle hole ladders needed 
special attention. Due to the "external improvement" of Lemma XII. 19 of [FKTo3], we 
needed to consider only ladders all of whose "ends" correspond to ip fields and are integrated 
out at a later scale. This is not the case here. We consider ladders some of whose "ends" 
correspond to ip fields and have sectorized position space arguments (C^s) e B x E^-, and 
some of whose ends correspond to fields and have momentum space arguments fj e B. To 
do this, we extend the definitions and estimates of ladders and iterated particle hole ladders 
from §VII. 

The following Definition extends Definition VII. 3. 

Definition XIV. 1 Let E be a sectorization. 

i) Define 

Bl = { {ko,k,a) I koeTR, kelR^ ae{ti} } 
and the disjoint unions 

2)1 = U {B^ X E) 
Xs = B U (B X E) 

ii) Let z E X^- Then we define its undirected part u{z) e 2)|. and its creation/annihilation 
index b{z) e {0, 1} by 

Uk,a) if z = {k,a,b) e B 
\ (x, a, s) if ^ = (x, cr, 6, s) G i3 X S 

(b if z^ [k, a, b)eB 
\b if z = {x, a, b,s) e B xT, 

iii) Let z' e S)^. and b e {0, 1}. Then we define ib{z') as the unique point z e 3£e with 
u{z) = z' and b{z) = b. 

With this notation, Definition VII. 4 and Lemma VII. 5. ii about particle-particle and 
particle-hole reductions and values carry over almost verbatim. 



u{z) = 
b{z) = 
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Definition XIV.2 

i) Let / be a four legged kernel over Xs- When / is a rung, its particle-particle reduction 
is the four legged kernel over 2)5. given by 

and its particle-hole reduction is 

(2^4.4.4) — /('■oc^i). '-1(4). '-i(4)''-o(24)) — liV 

When / is a bubble propagator, the corresponding reductions are 

= /('•i(zi)''-i(4).''o(4)''-o(2i)) 
^V(«i.4.23'4) — /('■i(«0.'-o(4).'-o(4)''-i(4)) 

ii) Let /' be a four legged kernel over 2)|;. Its particle-particle value is the four legged kernel 
over given by 

^pp(/')(«l'«2'^3,24) = h{zi),0h{Z2),0^biz3),l^b{Z4),l /' ('^ («! ) ='"(22) ,m(23) ,"(24)) 

+ <^6(zi),l<^6(z2),l'^6(z3),0<^6(z4),0 /'(w(23).w(24),u(zi),u(z2)) 

and its particle-hole value is 

Vph{f'){zi,Z2,Z3,Z4) = (^6(2i),0<^6(Z2),l<^6(23),l^b(24),0 /' ("(zi ) ,^(22) ,^(23) ,^(24)) 
+ h{zi),lh{Z2),0^b{Z3),0h{z4),l /'(w(Z2),u(2i),u(24),m(23)) 

— ^6(zi),l^fc(22), 0^6(2:3), 1^6(24), /'(w(22),m(2i),m(23),m(24)) 

- hizi),0Sbiz2),l^biz3),0^b{Z4),l /'(«i(2l),w(22),M(24),w(23)) 



Lemma XIV. 3 Let / be an antisymmetric, particle number preserving, four legged kernel 
over X-E . Then 



In §XIII we developed norms for functions on B^"" x (i3 x E)"^, since we usually write 
Grassmann monomials in a way such that all (p fields stand before all i/j fields. However the 
"ends" of ladders have a natural ordering, and (p and ip fields may be arbitrarily distributed 
among them. Therefore we extend some of the notation of §XIII to this situation and repeat 
the detailed Definition of §XVI of [FKTo3]. 
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Definition XIV.4 Set Xq = B and Xi = B x S. Let (zi, • • • , in) e {0, 1}". 

i) The inclusions of , j = 1, ■ ■ ■ , n, in X^; induce an inclusion of Xj^ x • • • x 
We identify Xj^ x • ■ ■ x Xj^ with its image in Xg. 

ii) Set m(z) = n — (zi + • • • + in)- Clearly, m{i) is the number of copies of B in Xj^ x • • • x Xi„ . 

iii) If / is a function on X^^ x ■ ■ ■ x Xi„, then Ord / is the function on x {B x j])"^""^*^*) 
obtained from / by shifting all of the B arguments before all of the B x "E arguments, 
while preserving the relative order of the B arguments and the relative order of the B x T, 
arguments and multiplying by the sign of the permutation that implements the reordering of 
the arguments. That is, Ord /(xi, ■ • ■ , Xn) — sgn7r/(a;7r(i), ■ ■ ■ , XT^(^n)) where the permutation 
TT e is determined by 7r(j) < n{j') if ij < ij' or ij = ij' j < j' . 



Remark XIV. 5 Using the identification of Definition XIV. 4. i, 

Xj] = Xj^ X • • • X Xjjj 

ii,---,»ne{o,i} 

— * 

where, on the right hand side we have a disjoint union. If / is a function on X^ and i = 
• • • 5 ^n) e {0, 1}", we denote by /|^ the restriction of / to Xjj x • • • x Xi„. 

Definition XIV.6 

V — * 

i) We denote by J^n;T, the set of functions on Xg with the property that for each i = 
ih, - ■ ■ ,in) £ {0, !}"■ with m{i) < n 

Ord(/|^) e.F^(.)(n-m(?);S) 

and such there is a function g on Bn such that 

•^l(0,-,0)(^l' • • • ' ^n) = (27r)^(5(^i + \-fln) giVl, ■■■,fln) 



ii) For a function / e ^n-T, and a natural number p we set 



ie{o,i}"- 

m(i)#0 



i6{0,l}" 
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where g is the function on B„ such that 

•^l(0,-,0)(^l' • • • ' ^n) = (27r)^5(?7l + • • • + ?7n) gim, ■■■,'nn) 

We extend Definition VII. 2 of ladders to the case that the rungs are all defined over 
= B U X E) and the bubble propagators are defined over B. 

Definition XIV. 7 Let S be a sectorization. 

i) Let P be a bubble propagator over B and r a rung over Xe- We set 

{r • P){yi,y2;x3,X4) — / dx[dx'2 r{yi,y2,{x[,s[),{x'2,s'2)) P{x[,x'2;x3,X4) 

(r • P) is a function on x B^. For a general function F on x B^, define the rung [F • r) 
over Xe by 

(F • r) (2/1,2/2,2/3,2/4) = X] / dx'idx'2 F{yi,y2;x[, x'2) l^ii^'i'S'i), {x'2,s'2),y 3, y 4.) 
s[,s'2&'sJl3xB 

if at least one of the arguments j/i, • • • , ^4 lies in B x E C Xe, and for fii,fi2,'n3,V4 G B C Xe 

(F • r)(?7i,?72,»?3,»74) (27r)^(5(77i+?72+?73+»?4) = / dx'idKa F(77i,?72;a;i,a;2) r((a;i,si),(a;2,S2).»73,»74) 

ii) Let £ > 1 , ri, ■ ■ ■ , r^_|_i rungs over Xe and Pi, ■ ■ ■ , bubble propagators over B. The 
ladder with rungs ri, ■ ■ ■ , r^+i and bubble propagators Pi, ■ ■ ■ , P^ is defined to be 

n • Pi • r2 • P2 • • • • • • P^ • U+i 

If r is a rung over Xe and A, B are propagators over B, we define P^(r; A, B) as the ladder 
with £ + 1 rungs r and i bubble propagators C(A, P). 

iii) Definitions (i) and (ii) apply verbatim to the situation when creation/ annihilation indices 
are ignored, that is, when B and Xe are replaced by B^ and 2)e, respectively. 

Remark XIV. 8 The ladder ri«Pi«r2«P2»- • ••r£«P^«r^+i depends only on r'i|^2 x(BxE)2' 

^2|(sxE)4' ^^l(sxs)4 ^^^''^+i|(sxs)2x3e|- If''ir--,''^+i are supported on (BxE)^ c X| 
then Definitions VII. 2. ii and XIV.T.ii agree. Also Lemma VII. 5. i carries over verbatim. 

The analog of Proposition VII. 6 is 
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Proposition XIV. 9 Let < A < 2m3"' where T2 is the constant of Lemma XIII. 6 of 
[FKToS]. Let tt((^,s), (^',s')) £ -^0(2, S^) he an antisymmetric, spin independent, particle 
number conserving function whose Fourier transforms obeys \u{k)\ < \\ikQ — e{k)\ and such 
that \u\^ J., < Acj . Furthermore let f e ^4,Sj - Then for all £ > 1 

\Le{f;C(J\Ci^^-''%^^^ < (const c,)' l/l^^^ 

K,{Li{f;ci^\ci^^^'r%^^^ < (const ir\,Y ifQ':; 

if the Fermi curve F is strongly asymmetric in the sense of Definition 1. 10. Here, uq is the 
constant of Definition 1. 10. 

Proof: The first inequality is a direct consequence of Remark D.8 of [FKToS] with X = 
2KMHj ixndv' = u' = v foUowed by Corollary A.5.i of [FKTol] with X = T2, // = 1. If 
we set C = C(C^^\ CF^^^^), then, by Lemma VIL5.i and Remark XIV.8 

L^/; C^J\ C^>J+i))PP = /PP . PPC • • • • • PPC • /PP 

Thus the second inequality follows from Theorem XXII.8 of [FKTo4]. ■ 

Remark XIV. 10 By Remarks XIII. 13 and XIV.8, Proposition VII. 6 is a special case of 
Proposition XIV. 9. 

Definition VII. 7 and Theorem VII. 8 carry over almost verbatim to the present sit- 
uation. 

Definition XIV. 11 Let F = | F^"^^ | z = 2,3, •■■ } be a family of antisymmetric func- 
tions in ^A,T,i- Let p = {p^'^\ p'^'^\ ■ ■ be a sequence of antisymmetric, spin independent, 
particle number conserving functions p'^^\{i,s), (£,' ,s')) G JFq(2, E^). We define, recursively on 
< J < 00, the iterated particle hole (or wrong way) ladders up to scale j, denoted by 
£(^)(p,F) , as 

£(o)(p;f) = 

00 , 

£(^+i)(p,F) =£W(p,F)s. + 2 E (-i)^(i2r^L,(«;,;C^),C(f +1))'^^ 

1=1 

where = EU^g ^^d = EL2 4? + |Ant (Vph(>C(^)(p, F)))^^ . 
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Theorem XIV. 12 For every £ > there are constants po, const such that the following 
holds. Let F = (^F^'^\ F^^\ • • •) be a sequence of antisymmetric, spin independent, particle 
number conserving functions F^*) e -^4,^1 ond p = {p^'^\p^^\ • • • ) be a sequence of antisym- 
metric, spin independent, particle number conserving functions p^'^^ E ^o(2,Sj). Assume that 
there is p < po such that for i >2 

l^^^^la.E. < ^^^^ b^'^li.E, < ^^^^0, k) = 

Then for all j >2 

\Vpi,{C^^\p,F)j:.)\l^^, < const p^c,- 

Theorem XIV. 12 follows from Theorem D.2 below. Theorem D.2, in turn, is proven in [FKTl]. 

Remark XIV. 13 With the same argument as in Remark XIV.IO, Theorem VII.8 is a special 
case of Theorem XIV. 12 . 

Theorem XIV. 12 is not general enough for controlling the effect of a renormalization 
group step on the | • norms. Consider an iterated particle-hole ladder jC^^\p,f). 

Integrating out subsequent scales can result in a propagator and a field being hooked to the 
V' legs of the ladder. See the i^ + C^l^. J(l> in Remark IX.6.iii. The resulting object is no longer 
an iterated particle-hole ladder. In §IX, this was harmless because "external improvement" 
with respect to the | • jg ^, norm (see Lemma XII. 19 of [FKTo3]) led to bounds that were 
summable over scales. With the more sensitive norm | • I3 j;^ ) we have to control the "shear" 
from ip to (f) fields in particle-hole ladders. Under a shear transformation, a Grassmann 
function W(0, ip) is mapped to W(0, ip + Bcf)). 

Definition XIV. 14 Let S be a sectorization, B{k) a function on IR x IR^ and / e JFn-^-n- 

i) The shear of / with respect to B is the element shear(/, B) e Tn;ii defined by 
shear (/, S) I 



1 ^r. 



= {,£.i,,s^) if ii.=0, j^=l 



3p>ip, l<p<n iv=0, jv=i 

where, for ii, = 0, yjy = fj^ — {k^, ajy, a^) e B and Ej^ was defined before Definition VI. 1. 
ii) We use Gr{(l), ip; /) to denote the Grassmann function with kernel /. That is, 

ie{o,i}" p=i 
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where factors in the product are in the order specified by the index p, f is the Fourier 
transform of / with respect to its arguments and y,^ runs over B when = and over B x S 
when V = 1. 

The definition of shear has been chosen so that 

G'r(<^,V;;shear(/,S)) = Gr{4>,il; + B(l>; f) (XIV.l) 

where, with some abuse of notation, we set {B(p){^,s) — J^d^' for all s G S, 

retaining the B defined in Notation V.4. 

Corollary XIV. 15 (to Theorem XIV. 12) For every e > and cb > there are con- 
stants po, const such that the following holds. Let v = [v^'^\v^^\ ■ ■ be a sequence of 
antisymmetric, spin independent, particle number conserving functions v^^^ G ^^4,2^ and 
p= (^p^'^\ p^'^\ ■ ■ ■ be a sequence of antisymmetric, spin independent, particle number con- 
serving functions p^^^ G ^o(2, Sj). Assume that there is p < po such that for i >2 

< \P^\,^. < ^^^^ ^^'H0,k) = 

Let B(k) be a function obeying \\B(k)\\ < cbCj, set /^*) = shear(v*^*^, i/^-^^B ) G ^4,Si and let 
f={f^'\f^'\---). 

i) For all j > 2, 

\Vph{C^'\pJh,)\l^j,. < constp^c,. 

ii) Let B'{k) obey \\B'{k)\\~< c'cbCj, set /i'^ = shear {v^'\ u^^'\B -\- sB')) G J^4,Si and let 
= [fP, f^^\ ...). Forallj>2 and all c' > 0, 

I i V {C^^^ {P, fs )e, ) I la, E, < c'p2 c, 

In the proof, which follows Remark XIV. 20, we will use auxiliary external fields, 
named 0'. We now extend the notation of Definitions XIV. 4 and XIV.6 to include them. 

Definition XIV. 16 Let S be a sectorization. Set X-i = Xq = B, Xi = B x T, and 

X'j. = X-i U 3£o U Xi. Let i = (ii, - ■ ■ ,in) e {—1, 0, 1}". 

i) The inclusions of Xi., j = 1, ■ ■ ■ , n, in X'j^ induce an inclusion of Xi-^ x • • • x Xi^ in X'J- 
We identify Xj^ x • • • x Xi„ with its image in X'^. 
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ii) Set m'(?) = ^{ 1 < j < n \ ij = -1 } and m(?) = ^{ 1 < j < n \ ij = }. 

iii) If / is a function on x ■ ■ ■ x X^^^, then Ord/ is the function on B"^ x x 
{B X obtained from / by permuting the arguments so that all X_i argu- 
ments appear before all Xq arguments and all Xq arguments appear before all Xi arguments, 
while preserving the relative order of the Xj arguments, j = —1,0,1, and multiplying by 
the sign of the permutation that implements the reordering of the arguments. That is, 
Ord /(xi, ■ ■ ■ , Xn) = sgncT /(iCo-(i), ■ ■ ■ , a;cr(n)) where the permutation a E Sn is determined 
by cr{j) < a{j') if ij < ij> or ij = j < j'. 

iv) Using the identification of part (i), 

X ^ = IjJ Xjj^ X • • • X Xj^ 

ii,---,*ne{-i,o,i} 

where, on the right hand side we have a disjoint union. If / is a function on X'^ and 
i — {h, • • • ) in) £ 0; 1}"^; wc denote by the restriction of / to X^^ x • • ■ x Xj^. 

Definition XIV. 17 Let S be a sectorization and m',m,n > 0. 

i) For n > 1, denote by ^^/^^(n;S) the space of all translation invariant, complex valued 
functions /(r7i,---,»?m'+Tn; on X^'i x Xq* x (B x S)" whose Fourier transform 
f{rn,-,fim;{ii,si),-,iL,Sn)) vanishes unless ki e Sj for all 1 < j < n. Here, = {ki,ai,ai). 
Also, let Tm',miQ',^) be the space of all momentum conserving, complex valued functions 
fim,-,Vr.'+J on X-; X X^. 

ii) We denote by J-'^.y; the set of functions on X'^ with the property that for each i = 
(n, • ■ ■ , «n) G {—1, 0, 1}"' with m'{i) + m{i) < n 

(/|.) G -F^,(?),^(r)(n - m'{T) - m(i); S) 

and such that for each i = (zi, ■ ■ ■ , in) G { — 1, 0, 1}" with m'(i) +111(1) = n there is a function 
97n',m e ^m',m(0; S) such that 

(/| i-)!^!, • • • ,^n) = (27r)^(5(r7i + h Vn) gm'^mivir ■■,fjn) 

iii) There is a natural identification H : Tm\mij^'i S) ^ S) obtained by identifying 
X^'^ x^-^ = B"^' X B"" with X[}''+"' = ^m'+m_ Similarly, if ? = (ii,---,Zn) G {-1,0, l}'^ 
and / is a function on Xj^ x • • • x Xi„ then the function n(/) on X7r(ii) x • • • x X^(j^) where 
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7r(— 1) = 7r(0) = and 7r(l) = 1, is obtained by identifying X_i with Xq- We extend the 
to n : JT^.j. ^ fn--^ by 

n(/)|?= E n(/|.) foralHe{0,l} 

Je{-i,o,i}" 

iv) For a function / e Tm' ,ra{ji''i and a natural number p we set 

I/Ue = |n(/)i;,^ 

For a function / e ^4;E ^^"^ ^ natural number p we set 

I/Ue= E |n(/|?)U 

?e{-i,o,i}" 

Lemma XIV. 18 For k G C^, de/ine : J^"; 5, ^ J^; 6?/ 

(-5^/)!?= ( fi forallie {-l,0,ir 

^ 7=1 ' 



Then, for all f e P^^^ 



\Kj\<l, l<j<n 



Proof: The first bound is just the triangle inequality. 

|n(/)i;,E= E |n(/)li,E< E E |n(/|;)U = l/i;,: 

ie{o,i}" ie{o,i}" j6{-i,o,i}" 

•n-(?)=i 

For the second bound, we just use the Cauchy integral formula 
to prove that, for each i e {—1, 0, 1}", 

|/bU = |n(/b)U< |up |n(s./)i;, 

and then sum over i e {—1, 0, l}"^. 
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Let B{k) be a kernel which is the product of two other kernels Bi{k) and B2{k). 
Then, for any Grassmann function W{(f),'ip), 

Thus the shear transformation with respect to B may be written as the composition of another 
shear-like transformation with respect to Bi and a "scaling transformation" with respect to 
B2. To make this precise, we have 

Definition XIV. 19 Let S be a sectorization and B[k) a function on IR x IR^. 

i) If / e ^n;E, then the element shear'(/, 5) e ^^-i: defined by 

shear'(/,S)|r(yi, •••,?/„) 

l<i^<n Si^^TiJB zi^=yi^ if 

where \i\ = \in\) and = fjl ^ {k^, a^, a^) G B when i„ = -1. 

ii) If / e T'^-Y,-! then the element sct'(/, B) e defined by 

sct'(/,i?)|.(yi,---,yn) = { n B{k'Af\^yu---,yn) 

where = (/c^, a^,, a^) e B ii ^ -1. 

iii) If / e Tn;T,-i then the element sct(/, B) e ^n;E is defined by 

sct(/,5)|.(yi,---,y,) = | n S(/c,)j/|.(yi,---,y„) 

iu=0 

where y^ = (k„,a„, a„) e B if Zj, = 0. 
Remark XIV.20 

i) If Bi(k) and B2{k) are functions on IR x IR^ and / G J^n;E, then 

shear (/, Si S2) = n(^sct' (shear' (/, Si),S2)) 

ii) Let / G Tn-.Y^ii f ^ -^n-E^ ^'^'^ -^(^) be a function obeying ||i?(A;)|| < CbQ. Then, by 
repeated application of equation (XVII. 3) of [FKTo3], with j replaced by i, V = 0, Xb = 1, 
there is a constant const, depending on n, such that 

|shear'(/, B)\p^, < const max{l, cej^Ci j.. 

|sct(/, B)\p^, < const max{l, CB^Ci l/lp J.. 
|sct'(/',5)|~ 5,^ < const max{l,CB}^Ci |/'|~ j.^ 
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Proof of Corollary XIV.15: i) Let v^^^ = shear (v^^, Then, by Remark XIV.20.i, 

=n(sct'(i)«,s)) 

and, extending the definition of C^^^p, F) to F^*^ e •^n;E ^^e obvious way (just replace B 
by B U B in Definitions XIV.7 and XIV.ll), 

= n(sct'(yph(>c^^H^"''^))E,'^)) 

Hence, by Lemma XIV. 18 and Remark XIV.20.ii, 

< const Cj \Vph{'C^^\p,v))^^\^^^^ 

< const Cj sup n (Si^Vph {C^^^ (p, V )) ) 



l«i/|<l. 1<''<4 



Observe that 

By Definition L2.ii, Hz^*--*-* (^)ll — const d. Hence, by Lemma XIV. 18 and Remark XIV.20.ii, 
sup MS,v^%,^^< sup \S,v%^^^ 



Ke(D4 ' ^ flee* 

l«i/|<l. l<''<4 |ki,|<1, 1<v<4 



< [■^'■'''la s. < const Ci|i;*^*^|3 ^ < const j^cl 



< const Ci 



So Theorem XIV.12 gives 

\Vpy,{C^^\p,f)j:.)l^,< const Cj sup VpJc^^\p,U{SRv)))_ 

I 

< const Cj 



\kv\<1, 1<i^<4 



ii) Part (i), with cb replaced by 2cb and B replaced by i? + sB', implies that, for all s e (D 
obeying \s\ < ^, 

\Vpi.{^^'\p,fshj)\l^^. ^ constp^c,. 

Since Vph{j^^-'\p, fs is a polynomial in s, the desired bound now follows from the Cauchy 
integral formula 

TsVp^i^^'^P, fshX=o - ^^ { d\ iVp^{^(^^ipj:h^ 

J \s\ = -^ 
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XV. Recursion Step for Momentum Green's Functions 



This section provides the analog of §IX for the | |-norms. Recall, from §XI, that we 
assuming that the interaction V satisfies the reality condition (I.l) and is bar/unbar exchange 
invariant in the sense of (1.2). 

More Input and Output Data 

We now supplement the conditions on the input and output data of Definitions IX. 1 
and IX.2 in order get more detailed information on the behaviour of the two- and four-point 
functions. Recall from Theorem XII. 1 that | < < b!;' < |. We generalize the notation Cj 
and tj{X) of Definition V.2 to 

\S\<r \S\>r 1 \ 

'^iji^) — i-MiX 

so that we can track different degrees of smoothness in temporal and spatial directions. 

Definition XV. 1 (More Input Data) Let Pj'^'* be the set of interaction quadruples, 
(W, that fulfill Definitions VIII. 1, IX. 1 and the following. Let w{(j),ip;K) be the 

Sj— sectorized representative of yV{K) specified in (II) and w°'{(f), i/j; K) its amputation in the 
sense of Definition XIII. 9. 

(/~1) The Grassmann function w°'{(j), ip; K) — w°'{0, ip; K) vanishes unless u^^^^cj) is nonzero 
and 

N-{w-{K)Ma,\\Kh,j:,) < e,(||K||i,E,) 

^r(i«^"(^ + «^')L=o'64«' ll^lli.^.) ^ M^ e,(||K||i,E,) IlK'lli,^, 
for all K e % and all K'. 
(/~2) There is a family v of antisymmetric kernels 

w^'^eJ^4,E„ 2<i<j-l 

(independent of K) and an antisymmetric kernel 5f^^\K) e J^A,T.j obeying 

~ l/riQ 

l^^'^U,p< V^^ forall2<i<i-l 



\d_SfU) 
I ds 
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for all K e ^j, from which the quartic parts of w°' and Q"- are built as follows. 
Let = shear (v(^),c[*('^j(/c)^(/c)) e 2 < i < j - 1, where shear(/,S) was 

defined in Definition XIV. 14. Then the kernel of the quartic part of w"' + Q°' is 

Sf(^\K) + 'j:f^] + I Ant (v^^{C^^\p, f))) 

where the particle-hole value Vph was defined in Definition XIV. 2. The kernel v^*) 
vanishes unless all of its (f) momenta are in the support of 
(/~3) Let / dr]idri2 G2{rii,ri2]K) (j){rii)(j){ri2) be the part of G{K) that is homogeneous of 
degree two. Then 2G2{k;K) has the decomposition 

2G2 {k; K) = Cl<^ (k) + j,,^^ ^) + t ^^"'^ (^) } 

with q^'^'^\k), i < £ < j and Sq^'^^k; K) vanishing in the {i + 2)^^ neighbourhood 
and when k is not in the support of ?7(k), 5q^'^\k; 0) = for 2 < z < j — 1 and 

Let tyij(?7, s)]K) be the kernel of the part of w°'{K) that is of degree 1 in and 
degree 1 in i/;. Then 

Ka(^)li,E,,p<^ifee,(||K|u,.^.) 

(/~4) W, Q, the Ej— sectorized representative w{(j),'il)\K) of VV(-ftr) and all of the F*^*'''s 
and t;'^*^'s are bar/unbar invariant in the sense of Definition B.l.B of [FKTo2]. If K 
is real, then W, Q, the E^-sectorized representative w{(p,ilj; K) of VV(-ftr) and all of 
the g(^*'^)'s are /co-reversal real in the sense of Definition B.l.R of [FKTo2]. 

Remark XV. 2 By Remark B.S.ii of [FKTo2], for any interaction quadruple {W,Q ,u,p), u 
and every is bar /unbar invariant. 

Definition XV. 3 (More Output Data) Let ^'out be the set of interaction quadruples 
{W,Q,u,p) that fulfill Definitions VIII.l, IX.2 and the following. Let w{(j),ijj; K) be the E^- 
sectorized representative of W^K) specified in (01) and w"'{(f),ip', K) its amputation in the 
sense of Definition XIII. 9. 
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(0~1) The Grassmann function w°'((f), ip; K) — w°'(0, ip; K) vanishes unless u^-^^cf) is nonzero 
and 

iV7(«;«(i^),a,||K||i,s,) <e,-(||K||i,E,) 



for all K e and all K'. 



(0~2) There is a family v of antisymmetric kernels 

(independent of K) and an antisymmetric kernel 5f^^~^^\K) e ^4,Ej obeying 



,1/'M) 



^^^U,p< forall2<i<i 



|i5/(^+^)(i^ + .i^')L=ol3,E,,, < ^e,(l|KlU,.,.)M^||K'|kE, 
for all K e ^j, from which the quartic parts of w°' and G"' are built as follows. Let 
/W = shear (v(*),C|^*('^j(A;)^(/c)) e :r4_Si, <i<j- Then the kernel of the quartic 
part of w"- + 0°- is 



Sf(^+'\K) + E /« + |Ant (Vph(£(^+^)(p, /))) 



j 

E 

The kernel t'*^*-' vanishes unless all of its (p momenta are in the support of u^'^'^\ 
{0^3) Let / drjidr]2 G2{vijV2'i K) (j){r]i)(/){r]2) be the part of Q{K) that is homogeneous of 
degree two. Then 2G2{k;K) has the decomposition 

2G2 {k;K)^ Cl^^j {k) + j,,^^ ^ {5g(^) {k-K) + E Q^'''^ (k) } 

with q^^'^\k), i < i < j and 5q^'^\k] K) vanishing in the (z + 2)"'^ neighbourhood 
and when k is not in the support of U{k), 5q^'^\k] 0) = for 2 < i < j and 

||i<5g«(K + .K')L=o \U M^'(^-^)e,+ .,,+ . (||K||i,E,) ||i^'||i,E, for z < j 

\\i-M^'\K + sK')\^^J< A/Mrae,-+i(||K||i,E,)||i^'||i,E, 

Let Wi i{ri, s); be the kernel of the part of w"'{K) that is of degree 1 in and 
degree 1 in ^. Then 
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(0-4) W, Q, the Sj-sectorized representative w{(j),'^;K) of yV{K) and all of the F(*)'s 
and v*^*)'s are bar/unbar invariant. If K is real, then W, Q, the E^— sectorized 
representative w{(j),ip; K) of W{K) and all of the q^'^'^^''s are fco-reversal real in the 
sense of Definition B.l.R of [FKTo2]. 

Integrating Out a Scale 

Theorem XV.4 If{yV,g,u,p) e then Qj{}V,g,u,p) e V^£,. 

The rest of this subsection is devoted to the proof of this theorem. Let 

m,n 

with 

be the Sj-sectorized representative of W specified in (II). Let (W, Q' , u.p) = Oj(>V, ^, u^p) 
and choose the sectorized representative w' of W as in Remark IX.G.iii. Define z by 

: ^(0, V; K) ; . = {-.W^-^li. . ) (0, + ^0 + 5S0) (XV.2) 

where 

S(A;) = (^fco-e(k))cifo)W 
(5S(/c; K) = {iko - e(k)) {ci^i,)(/c)(l + w,,,{k-, K)) - C^J,)(/c)} 

and ty" -fC) is the Fourier transform, as in the last part of Definition VI. 1, of the function 
(^7)0 ^ Z^seSj -^)" Proposition XII. 8 of [FKTo3], with some abuse of 

notation, 

for all s G Sj. Recall that if, for each s, s' G S^, c(( ■ , s), ( ■ , s')) is the Fourier transform, as in 
(IILl) and (IIL2), of Xs{k)C {k)xAk) , then C^, ((C, s), (C', s')) = E c((e, t), (C', t'))- 

The integration and initial/final Wick ordering covariances C'^\^,, Cj{u; K)^.^, Dj{u; K)y.j 
are constructed in this way from the Cu\k), Cj{u; K){k), Dj{u; K){k) specified in Definition 
VLll. 
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Lemma XV. 5 

w"'{4>: K) = zi<P, ij; K) + cc;" i((/>, V; K) - z{4>, 0; K) 

Q'\^) = Q\4>) + ^(0, 0; K) - i( J(l + J(l + 

Proof: In this proof, set C = C^l^. and Cj = Cj{u;K)^.. Define, for each s e Sj, 
Bs{k) to be the Fourier transform, as in the last part of Definition VI. 1, of the function 
('7)0 ^ wi^i{r], {^,s);K). Observe that 

By Lemma B.G^^) of [FKTo2], 

a;i,i(0,V') = E / ^^^^ HC,s){JBs){^,r])(l>{r]) (XV3) 

Consequently, by Lemma C.l of [FKTo2], 

= log ;|: J e'^l,l(<t>,'4>)+^l,l{<t>,0 ^■■iw-uJi,i){<l>,il)+C;K):^^Cj djJiciC) 

= a;i,i(0,V) + log^ j e^«^(*)-^^«'^e^(^-"'^'^)('^'^+^'^)='^'^. d//c(C) 
= a;i,i(0,^)-i E (JS,0)C(s,s')(JS,.0) 

+ log y e-'^"'~'^i'i)('^''^+^«<^( • ,s)JB^4>^C.-K):^,Cj djJiciC) 

= a;i,i(0,V)-i E {JBs4>)C{s,s'){JBs>(l>) 

s,s' (HYij 

+ Oc'(:^« - ^i,i'^,c,)(<?^','0 + SsC( ■ ,s)JBs(t)) 
= a;i,i(0, V) - i(jCi<^)Ci'^(<^d'^) + - a;i,i:v,,c,) (0, V' + Ci^^J^i^) 

Therefore the Grassmann function w" of Remark IX.G.iii is determined by 

= -|(J0)C^-)j0 + a;i,i(0,Ci'V0) - |(J^i0)C(^-)(J^i0) 
+ 0^1,1(0, V') + He (:«; - coi,i:^,c,){(l>, ^ + C^^'^ J(l + M'l,!)^) 

This is the only step in the proof that substantially uses bar/unbar invariance. Without it, the 
argument B4> + ^B4> of (XV. 2) would have a more general, but still controllable form. 
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By (XV.3), the antisymmetry of Cu^ and repeated use of Lemma IX.5 of [FKTo2] 

s 

so that 

+ a;i,i (0, V) + nc {:w - u^X-M>,c,){(i>. ip + [Ci'^ (k) (1 + 
Amputating and applying parts (i) and (ii) of Lemma IX.5 of [FKTo2], 

The Lemma now follows by Remark IX.G.iii. ■ 
Lemma XV. 6 

(J(l + wi,ijA<j>)cl{^j,^J{l + w,,,)M = (Ji</>)C^J))( ji</>) + <I>JE^^U 

with 

Proof: Set 

B'{k;K) = l + wi^i{k;K) 
By repeated use of Lemma IX.5 of [FKTo2] and the facts that = — 1 and J* = — J, 

{JB'Act>)Cl^l^^{JB'A(t^) = -{JB^J^cp)ci\^^^{JB^<j>) = (SVl' J(/))cif^)( JB^40) 

Similarly, 

{JAcl>)C%{jAct>) = -cj>JAC%JAcj> 
Subtracting and observing that 

-m'{C%^{k)B'{kf-C%{k)] 

= -A{kf{C%^{k){B'{kf - 1) + C^l^^ik) - C%{k)] 

= E^^\k; K) 

yields 
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Lemma XV. 7 



ii) 



Hi) 



(i) 



\\{iko-e{\.))C'^l^^{k)\ 



\ ds 



i(K-\-sK') 



< const M^ e,(||K||i,E,) 

< const e, (||K||i,E,) 

< constM2^'ej(||K||i,E,) ||i^'||i,E, 

< constM^ e,(||K||i,sJ||K'||i,E, 

< con.te,.+ i(||K||i,E,)||i^'||l,E, 



< const Cj 

\\SBiK)\\~< const e,(||K||i,E,) [M^||i^||i,E, + ^ 
\^JB{K + sK')\^J\< const M^-e,-(||K||i,E,)||i^'||i,E, 



\\E^^Hk;0)\\~< const ^ 



l-8ij/7 



Mi "-J 



ds 



£;(^)(X + .X')L=oir^ const e,.+ i(||K||l,E,) Ili^'lll.E, 



Proof: i) Observe that 



{iko - e{\.))cl%^{k) = {iko - e{k)) ,,^_:^%,.,^^ = Y^^^^r 

ifeo — e(k) 



and 



Uiko - e{k)rci^^^^,^,^{k) = {iko - e{k)rhlk^^:m^^mKTJK^ 



2d 



i^ko - em \,^_,^l^^^^^,^^. l,u{k; K + sK') 
iy(^\k)^/i{k:K + sK') 



[1- 



-u(/,:;A-r.sK') -|2 
ifeo— e(k) J 



Next use the fact that, on the support of z/'^-^\ ^ < \iko — e(k)| < ^^^^p to show that, if 
/(/c) vanishes except on the support of u'^-^\k), 



{k)\\< 



const C„_i_i 

2 
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(XV.4) 



Also use Lemma VIII.7 and Lemma XIL12 of [FKTo3] to show that 

\\uiK)\\< 2\U{K)\,^^^ < const + ||K||i,E,]e,(||K|U,,.) 

< const j^Cj{\\K\\i,j:.) 

\\i,u{K + sK%J\< 2|i«(K + .K')L=oli,E, 

< const tj{\\K\U,j:.) ||i^'||i,E, 



(XV. 5) 



Since 



i(k;K) 



zfco — e(k) 



< I on the support of v^^^ , we have 

\\{iko-e{k))cl\^^^{k)\\< const t^+.{\\K\\^,^^) 

||i(z/C0 -e(k))^Cif^^^^,)(/c)|^^jf< constCJ^^{\\K\\,,^^) \\K'\\,,^^ 

The remaining bounds follow from these, the second bound of (XV. 4), Corollary A. 5 of 
[FKTol] and the observation that e^.^ i (||k||i,s^.) < const ej(||-f!r||i,E^.) for some M, ro and r 
dependent constant. 

ii) By (/~3), Remark XIIL6 and (/~1), 

\\{iko-e{k))w^,^{k;K)\\< 2K7(K)|~^^. = 2A;-^'^/'K7(i^)li,E,,p 

<2^^lfee,(||K|U,.J (XV.6) 

\\{iko-eik))i^wi,iik;K + sK')\^J\< ^^e,(||i^||,.J 
All three bounds follow by using Leibniz and Corollary A.5.ii of [FKTol] to combine (XV.6) 
with the bounds of part (i). 

iii) For the first bound, just apply ||^(A;)C^|q^(/c) || < const Cj from part (i), the first bound 
of (XV.6) and 

\\wi^i{k;K)\\< const ^^^l,t,{\\K\w,^^) (XV.7) 
which follows from (XV.6), (XV. 4) and the fact that wi,i(/e; K) vanishes except on the support 

Now for the second bound. By part (i), 

lli^(^)'^ifw)WL=oir^ const e,.^..(||K||l,E,) ||i^'||l,E, 

By part (i), (XV.6) and (XV.7), 

\\A{k)w^,^{k■,K){2+w^,^{k;K))^^A{k)C^^^^^ 

<^l,e,(||K||.,.J||K'||i,E, 



< 



A, 



^tj{\\K\u,^.)\\K'\\,,j:. 
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Proof of Theorem XV. 4: We have already proven in Theorem IX.5 that (W, G', u,p) E 
^out- shall use LiJm,m lm,ni • • • to denote the part of tu, 2;, • • • that is of degree m in 
and degree n in 7/; and Wm,ni Zm,ni • • • to denote the corresponding kernels. We shall also 
use ujni Ini • • • to denote the part of tu, z, ■ ■ ■ that is of degree n in and combined and 
Wni Zni • • • to denote the corresponding kernels. Recall that 

and define z" by 

: z" (0, t,K): ^^^^ = n^u^^^ {-.w- - . ^^cm,k)., ) ^) 

so that 

^((/), V'; i^) = z"{(t), i; + B(f) + 6B{K)(f); K) (XV.8) 

Preparation for the verification of (O^l), (0^2) and (0^3): 

We now apply Theorems XVII.3 and XVII.6 of [FKTo3] to bound z. By 
parts (i) and (ii) of Lemma VIII. 7 and Lemma XV.7.ii, the hypotheses of Theorem XVII.3 of 
[FKTo3], with w = w"- - cof^^, B replaced by 5 + 5B, w' = z, w" = z" , ji = const, A = 
7 = An^^ and X = \\K\\ „ , are fulfilled. Therefore, 

Nj {z-w +a;i,i,a,||K||i,E,) <const(-+Ao' ) i_^Ar~(^a,64a,||K U ^ .) 

" ^ ; ' ' (XV.9) 

U r U r ^ const I, N-{w'^Ma,\\K\\,,^,f ^ ' 



and 



1^4 ^4 4 2^^^-^^^^^ Anti^^(^«;4, Ci^DJ|3^J.^^- S ^10 h l-i^N~{w-Ma,\\K\W,T.^) 

(XV. 10) 

The hypotheses of Theorem XVII.6 of [FKTo3], with, in addition, Y = const\\K'\\^ ^ , Z = 
const M-' II JC'IL „ and e = constM-' ll-f^'lli \._n: are fulfilled. Hence 

II lli,Zjj " "'Jit — U 

< constjAo^ +^ l_^jv-(u,^64a,||K^u,^^.) |^^^ (^"^ (JC + gJC)|,^o,16Q;, 
+ const ^-^ ^^^^^^^^^^ ^^^1^^^^^ |_^Ar. ,64q;, ||K||i,e,)+Ao/ |M^||K 

(XV.ll) 

By (I'^l) and Corollary A.5.n of [FKTol], 



jV~(^",64a,||K||i,s^.) ^ e,(||K||i,s,) 



< i-consL,.,ii'Ji 7^ < const e,(||K||i,E, 

OL 
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and 

l_co4Ljv-(^^64a,||K|U,s.) ^ const ej-(||K||i,E,) < const ej-(||K||i,E,) 



Therefore, by (XV. 9) and recalling that vanishes when ip = 0, 

N-iz+col,, a, < iV-(«,°, a, + const (i + A^/') e,(||X||i,E,) 

< ^iV-K,64a, ||K||i,E,) + |e,(||K||i,E,) 

< e,-(||i^||i,E,) (XV.12) 



and 

const 'j ^ T^\l \ ^ 1 ' 



l^2,o|i,E^,^,Ni,ili,E,,p < ^]^e,(||i^||i,Ej < ^^e,(||K||i,E,) (XV.13) 

and 



14 -<-\Y. (-i)^(i2)^+^Ant L,K; ci^^^.Olg,^.,^ < ^ e,-(||K||i,E,) (XV.14) 



£=1 



Furthermore, by (XV.ll), and Corollary A.S.ii of [FKTol], 

< const + A^/^) e,(||K||i,E,)M^||i^'||i,E^. 

(XV. 15) 

and 

<^7(i«'"(^ + ^^')L=o'«' l|i^l|i,E,)+const(J,+A^/^) e,(||K||i,E,)M^||K'||i,E, 
<^^r(i«^"(^ + «^')L=o'64«, l|i^lli,E,) + ie,-(||K||i,5:jM^||K'||i,E^. 
<M^e,(||K||i,E,)ll^'lli,E, (XV.16) 



Verification of (O^l): Observe that B{k) and dB{k;K) vanish unless k is in the support of 
Also, by (/~1), w'^{(p,i(j; K) — w'^{0,ip; K) vanishes unless v'^^^^^' is nonzero. Conse- 
quently, ^(0, '0; K)—z{Q, ip; K), and hence w'°'{(l), ip; K) — w'"'{0, ip; K), vanishes unless fy^-^^cj) 
is nonzero. The bounds of (0~1) follow from Lemma XV.5, (XV.12) and (XV.16). 

Verification of (0^2): 

By Lemma XV.5, 

<((/>, i;; K) + gX{4>\ K) = 34(</>, i^; K) + gi{^; K) 

= 34(0, V'; 0) + g^i^P; 0) + W, k) 
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where 

5fo(</., tA; k) = u{cl>, V'; K) + gi{<j>- K) - 34(0, V; 0) - Ql{cj>-, 0) 

As the corresponding kernel ^f^^K) obeys 

%5f'^{K + sK') = j- [z^{K + sK') - wl{K + sK')\ + £5/^^^^ + «^') 
(XV.15) and (/~2) give 

li'^/o(^ + «^OL=okE,,p< [^(«' + ^o/') + 64iB-] tA\\Kh,^^)M^\\K'\\,,^, 

(XV. 17) 

By (XV.8), 

34(</', V'; 0) + (</>; 0) = 3;'((/>, + + 5S(0)(/>; 0) + gi{(j)- 0) 

= 3^'(<^, V + ^0; 0) + gi{<j>; 0) + 5f;(<^, V') 

where 

^) = 34(0, ^ + Bct> + 6B{0)cp- 0) - 34(</>, ^ + 0) 

By Lemma XV.T.ii and Theorem XVII.6 of [FKTo3], with w = t(;«(0) - a;f,i(0), C« = C^^^^y 
= Dj(w;0), independent of k, = S + (kq + k)SB{0) where < kq < 1, 7 = Aq^^, 
jj, = const, A = jjj-i , cb = const , X = Y = e = and Z = "^g ; the corresponding kernel 
5/{ is bounded by 

,t;/7Aj-^ 1 



^^l3,E,,p < const A;;^'^^c, (XV.18) 
Next, let 

df^ = shear(4(0) - w;2(0) - i £ (-i)'(i2r^AntL,«(0); ^^{1,^, D,(«(0); 0)), S 

By (XV.14), Lemma XV.T.ii and Lemma XVIL5 of [FKTo3], with cb = const, X = 0, 
Xb = 1, 

Define 



B 



5f^ = shear (^i g (-1)^(12)^+^ Ant Vpp (l, ^(0); C^jJ, ), C^g'^+^y'^) , 
and 
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where Gr{(f),i(^, f) is the Grassmann function associated to the kernel / as in Definition 
XIV.14.ii. By Proposition VII.6, for £ > 1 

l/pp(L,K(0);Ci^)),ci|^)+^))-)|^^^^ < (const iy-c,)^K(0)r35^. 



so that 



l'pp(i,K(0);Ci{i,,ci|i')+")»') 



(const a;-"i;.'"°c,)'k(o)|J;^s'^,^ 



The hypotheses of this Proposition are fulfiUed by parts (i) and (ii) of Lemma VIII. 7. 
Observe that, by 



so that 



In particular, 



l«^0,4(i^)l3,S.,p < (64^4B^C,(||K||i.s,) 



k4(0)l3,i:,-,p ^ (64a)4B^ ^0 

Therefore, by Lemma XVIL5 of [FKTo3] and CoroUary A.5.ii of [FKTol], 



|5/^l3,E,,p < £ (const A^-r7-c,)* ^2(0)^3^,, 
<E (const A^nf°c,y(^c,y+^ 



1=1 
< const 



< const Ci 



1 - const ^1^"° c2 



l/»T.O 



Hence, by (XV. 18), (XV. 19) and (XV.20), 

|rwO+l)/r,\| </^ol!^r. I . const a;-" A/r.o\ ^ l.-Vi" 

and by (XV. 17), 

|i5/'^^+^)(K + .K')L=ol3,E,,p < ^e,(||K|k^,)M^||K'|K,^, 



(XV.20) 



(XV.21) 



(XV.22) 
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Observe that Dj{u{0);0) = C^^^^'^^^ and, by Lemma XIV.3, 



so that the kernel of 34(0, •0 + Bcp; 0) is 

shear(«;4«(0) + i E (-i)^(i2r^Antyph(L,(<(0); C^j^), C^^f ^^^^^ 

(XV.23) 

To verify (0~2), set w'^*^ = w^*) for all 2 < i < j - 1, v'^^^ = Sf^^\0) and define 
r^'\ 2 <i<j, by 

/ -shear(^ ' ^-(o)^^'*^^^'*^ - \ shear (5/(^)(0), S) ii i = j 

Observe that v''"^^ vanishes unless all of its momenta are in the support of v^'^^\ since the 
same is true for 5f^^\0) by (I^l) and (/~2). Since B{k) is supported on the j^^ neighbour- 
hood f'^^, = shear , S) for all 2 < z < j — 1. Consequently, observing that the pure V' 
parts of /^*) and Z'*-*^ coincide and that only the pure V' parts contribute to internal ladder 
vertices, 

shear(Ant (Vph(>C^^)(p, /)))^ , s) = Ant {v^i^iC^^^pj"')] 



By (1-2), the kernel of V; 0)+^?! (0; 0) is 5/^^Ho)+E£2 /it^ + |Ant (^ph(>C(^)(p, /))) 

so that the kernel of < ((^, + BcP; 0) + 0) is J2l=2 + I Ant {v^^{C^^\p, /'))), 

Therefore, by the Definition VII. 7 of iterated particle-hole ladders, 

= Gr(0,V';^/'« + I Ant (y,^{C(^\p, f'))) ) 

i=2 ^ 

+ Gr (0, V + 50; i E (-i)^(i2)^+^Ant Vph(L,«(0); C^^J,), C^lf'^^)) 
= Gr (0, V^; J] Z'g] + 5/'^^+'^ {K) + | Ant ( ^ (p, /')) ^ 



i=2 
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The estimates on \5P^'^^\k)\^ ^ . required for (0~2) were proven in (XV.21) and (XV.22). 
By(/~2), 

1 / 7ZQ 

l'''"'U,,= l*/"'(0)|3,,^,,,< 

1 / riQ 

K^^l3,E.,p = K^kE.,p< for2<z<j-l. 
Verification of (O^d): Let 

be the decomposition of (/~3) and set 

^'(^'^) (k) = q^''^^ (k) 2<i<j-l, i<e<j 

q'^^'^\k) = 2z2,o{k;0) - E^^\k;0) 
Sq'^'\k] K) = dq'^'Hk] K) 2<i<j-l 
5q'^'^ {k; K) = 2i2,o {k; K) - 2z2,o{k; 0) - E^^'^ {k; K) + E^^^ {k; 0) 

By Lemmas XV. 5 and XV. 6, both conclusions of Lemma IX.S.i of [FKTo2] and the fact that 
the transpose of J is — J, 

2G^(/c; K) = Cl%\k) + j,,^^ E {^^'^^H^; K) + i q'^^^'\k)] 

1=2 

By (XV.13), Lemma XIL12 of [FKTo3], Lemma XV.T.iii and (XV.16), 

U'''\k)\\ < 4^^^c, + const ^^^c, < Xl-^^^c, 

if M is large enough. 

Recall that uof i{(j),ip) vanishes unless v'^^^^^ is nonzero. Hence, by conservation of 
momentum, vanishes and, by (XV.13) and Proposition XIX.4.ii of [FKTo4], 

< ^ifee,-(||K|u,,.) 
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and, by (XV. 15), 



\°'7^(k+sk')-s..A _L „ ~ = \^z7-,(k+sk')j:..A „L „ 

J-, J- ''^J + i ls=Oll,Ej_|_i,p Ids J-,J-V '^J+i ls=Oll,Sj_|_i,p 

< const Cj I ^2^1 (k+sK') I I , .. 

< e,(mi,E,)l|i^'lli,E, 



Verification of (O^A): Apply Remark B.5 of [FKTo2]. 



Sector Refinement, Re Wick ordering and Renormalization 



Theorem XV.8 // (W, g,u,p) e V^£^ then Oj{W, g,u,p) e V\ 



,0+1) 



The rest of this subsection is devoted to the proof of this theorem. Let (W', tt',p') 
Lemma XV. 9 



< const ^j^Cjj+i 



m [cifo5(/c) - Cl^^jik)] II < const 4^l,c,+i 

Aik) [cUg)(/c) - d:'^^ik)] < const ^IjCj+i for all2<i<j 



\A{k)cl^^^{k)\\~ \\A{k)clf^^^{k)\\< const c,+i 



\\mc^:iSM\, \\A{k)ci:;ihk)\\< const 



for all 2 < i < j 



Proof: RecaU from Definition VIILl that u'{k; 0) — u{k; 0) = p^^\k). Hence 



m'[c^M)^k)-c^^^{k)\ 



i<3). 



[iko - e{k)]^[u'{k; 0) - u{k; 0)]u(^^\k) 
[iko - e(k) - u{k; 0)] [iko - e(k) - u'{k; 0)] 



N _ u{k;0) 1 _ u:(k;0) 1 
L ifen— e(k)J L ifen— e(k)J 



li/ (/.■;()) 



ifeo— e(k) 



ifeo— e(k) . 
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By (XV.4), (XV.5) and (IX.21), 



<^ const I 
1^^(0)11 , II W (0)11 < const ^Cj 

||p(^)(/c)|f<2^^c, 



Since 



i(fc;0) 



ifco — e(k) 



< I and 



/(fc;0) 



ifco — e(k) 



< i on the support of we have, using the second 



bound of (XV.4) to control the denominator, 



P 



{3)^k)v^<^\k) 



[1 



n(fc;0) 



ifeo— e(k)J L ifeo— e(k). 



< const -^j^Cjj^l < const -^^^^IjqirCjj+l 



The proof of the second and third bounds are virtuaUy identical, using 

||jy[^'^](/c)|f< const Cj_^_i 

and with one additional use of the second bound of (XV.4). The proof of the final two bounds 
uses 

ifco— e(k) 

with / = [i-ij] and / = (> j), and (XV.5) and the corresponding properties with m(0) replaced 
byw'(O). ■ 

Proof of Theorem XV. 8: Let 



m.n *i)"'>*"€^j 



d(,i---diri Wm,n{'ni,---,Vm (Si,si),---,(Cti,Sk); K) 

4>{vi) ■ ■■4>{vm) i>{iil,Sl)) ■ ■ •'0((^n,Sri)) 



be the Sj-sectorized representative of W specified in (01). Choose the Ej+i-sectorized 
representative w' of W' as in (IX.28) where w" , the E^-sectorized representative, was defined 
in (IX. 18) and w was defined in (IX. 16). Recall that, by (IX. 19), 



g'{(j>; K') = G{(t)- K{K')) + w{(t), 0; K') - tZ;(0, 0; K') 



(XV. 24) 



49 



Preparation for the verification of (1^1), (1^2) and (1^3): 
Recall from (IX. 29) that 

w{<t>A-,K') = :w{(i),tl:;K{K')):^_E^.{K';qo) 

where E-s.{K';q) was defined just before (IX. 16). We proved in Lemma B.l.ui that 



\E{K';qo)\ < uS^- Hence, by Propositfon XVI.S.ii of [FKTo3], J2A1-^[,B3^ < 



Aq "^iy is an integral bound for E-^. for the configuration | • \p-^ . p oi seminorms. 
Hence by CoroUary II.32.n of [FKTrl], 

N-(w-{K')-w-{KiK')),^, X) < ^[,- N-{w-{K{K%a, X) (XV.25) 

for all X e ^d+i- In particular 

N^{w''{K'), f , X) < ^N^{w''{K{K')),a, X) (XV.26) 

As in (IX.35), 

Nr{h^''iK' + sK%^^-^w%KiK'+sK''))l^^, f , llx'IU,.,,,) ^^^^^^ 

<^M^e,+i(||K'IU,.^.^J||X"||i,E,+, 

and 

N-(^^^w%K'+sK")l^^, f , iiK'iu,,.^^) <con.tM^'+^,+i(||K'|U,,^,^J||K"||i,E,+, (XV.28) 

Verification of (7~3 ): Let t(;2,o be kernel of the part of w that is of degree two in and degree 
zero in V- By (XV.24) and (0~3), 

2G^(A;; K') = 2G2{k; K{K')) + 2(^i;2,o)'(A:; K') 

= cifo') (^) + (^feo-e(k))^ E + E g^^'^Hfc)} + 2(«;2,o)"(fc;i^0 



i=2 



with 

g'(*'^) (/e) = (A;) 2<i<j,i<e<j 

q'{i,j+l) (j!,) = ^^(i) (j!,. ^(0)) 2 < z < j - 1 

V«(/e; i^O = 5?W(fc; K(K')) - Sq^'\k; K{0)) 2<i<j-l 

q'(^'^+'Hk) = 6q(^\k; K{0)) + 2{wl,){k- 0) + [z^o - ^(k)]^ [C^^^^{k) - C^J^^^ik)] 

Sq'(^\k; K') = 5q^^\k- K{K')) - 5q^^\k- K{0)) + 2{wloKk; K') - 2(wl^)[k- 0) 

50 



ifi<j 
3 



By (0~3), Lemma IX.S.i and Remark A.6 of [FKTol], 

\\5q^\k-K{Q))\\^ ||5Q«(fc;5K(0))||~ 

< M^'(^-)e,+ .,,+ .(||<5K(0)||i,^J ¥Kmi,^\^^fM^ l\l 

if a is large enough. This imphes the desired bound on qf'(*'-?+i) for z < j — 1. By Lemma 
XIL12 of [FKTo3], (XV.25) (recall that w^q = 0), (0~1) and Lemma IX.S.iii, 

So, by Lemma XV. 9, 



'^r, Ti , const 



l-9t;/7 



(XV.29) 



i|y 11 — ^0 MJ+i '^j^j+i 

By (XV.28), 

and, by (0~3) and parts (ii) and (iii) of Lemma IX.8 

< const M^'(^-^)e,+ i,_,.+ 3(||K'|U..^.^jM^o,,(l|i^'IU,.,+J||i^1|i,^^^^^ 

< 1 M^'(^+i-)e,+ i,,+ 3(||K'||.,.,^J ||i^"||i,E,+, 

if M is large enough. This and, when i = j, (XV.29) give the desired bound on 

As w[y(K') = 'u;?,i(i^')E,+i, we have, by Proposition XIX.4.ii of [FKTo4], (XV.25), 
(0~1), (0~3) and Lemma IX.S.iii, 



< const 

1 h+i 



^ ^lvlF^ej+i(||K'|u,s.^J 



(XV.30) 
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The derivative is bounded similarly, using (XV.27), (0~3), and parts (ii) and (iii) of Lemma 
IX.8, 



+ a + Ao^')^e,(||K(x')||,.,)|||^K(K' + xK")L=ollM 



const 



(a- 



(XV.31) 



Verification of (1^2): 

Observe that by (XV.25), (O^l) and Lemma IX.S.iii 

2 



i) ^|<-(K')-<^(i^(i^'))l3~,E„,- 



8A 

^ tji\\K{K')\\^,^.) 

SO that, by Proposition XIX.4.ii of [FKTo4] and Corollary A.S.ii of [FKTol] 

< const^^lj tj+i{\\K'\\i,^.^J 



wr{K')-wr{K{K') 



3,Ej_|_i,p 

Set, for all 2 < z < j, v'^^ = v^^^ and define 

= shear (^'(^ c|^^„y)(/c)A(/c)) = shear (/«, - d:^^{k)]A{k)) 

Also set 



(XV.32) 



i=2 



+ 



|Ant - |Ant /')))^^^^ 



These definitions have been chosen so that 

<(K') + G':{K') = w2{K%^^, + Gl{K{K')) 

= Sf'(^+'\K') + E /S, + I Ant iV,^iC(^+'Hp',f') 



3 

I 
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Furthermore the required bounds 

K^^^l3,E.p< forall2<^<j 
are trivially satisfied, so it remains only to bound [^/''-■'''"^''(ii'')!^ ^ 

Since u'{k; 0) - u{k; 0) = pj{k), C^^jf^^ik) - C^^{0)i^) supported in the j^^ neigh- 
bourhood and 

ft] = shear (if , [c5J)(fc) - d:'^^{k)]A{k)) 

Hence by Lemma XVII. 5 of [FKTo3], with X — and Xb — const Ij and Lemma XV. 9, 
followed by Proposition XIX.4.ii of [FKTo4], 

\ft - /£;i3,E,,p < <^onst ^l, c,\f^^X,^^ , < const ^l, c,\f%^^^^^ (XV.33) 

By Lemma XVII. 5 of [FKTo3], with j replaced by z, X = 0, Xb = const Cj+i and Lemma 
XV.9, followed by (0~2), 

~ ~ 1 / riQ 

\f%,i:„P ^ "j+M'^ii^p ^ const V^.+i 



l/no 



(XV.34) 



W ' Ue^p ^ const c,+i|^;«|3^^ - < const ^c^+i 
so that, by Proposition XIX.4.ii of [FKTo4] and Corollary A.5 of [FKTol], 

I i [f^l. - /|IJ l3,E,,„p < const E < ^r,c,+i (XV.35) 

Also by Lemma XV.9 and Corollary XIV.15.ii, with j replaced by j ' + 1, p = Aq ^"/^^ ^ = Jl^ 
= [Cifo)(^) - clj^)ik)]A{k), B = clf^^{k)A{k) + sB', for < s < 1, CB = const and 

|AntFph(£(^■+^Hp^/)E,+J - AntFph(£(^■+^)(p^/%,+Jl3,^^.^^,^ ^ 

(XV.36) 

By Definition VII.7, C^^+^^p, f) depends only on p^'^\ ■ ■ ■,p^^-^^ and f^'^\ • • • , J^^). In par- 
ticular /) = /). 

To bound |(^/'^^'^^H0)L „ we first use Proposition XIX.4.U of [FKTo4] , (XV.32), 
(XV.35) and (XV.36) to get the first line, then (0~2) to get the second line and Lemma IX. 8 
and Corollary A.5.ii of [FKTol] to get the third line. 

l'^/'^'^'^(0)kE,,„p < — \^f^'^'\K{0))\l^^^^^ + const C, + i 

const-^^ij Cj+i 

< const 1^ + ^lj}cj+i 

,l/"0 

< ^c,+i (XV.37) 
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since const AQ~^[j < To bound the derivative of 5f'^-'^ \ we first use Proposition 

XIX.4.ii of [FKTo4] to get the first hne, then (0~2) and (XV.27) to get the second hne and 
Lemma IX. 8 and Corollary A.S.ii of [FKTol] to get the third line. 

+ constc, \^wr{K' + .K")L=o - i«'r(^(^'+^^"))L=ol3,E,,p 

<con.t^e,(l|K(K')IU,.,)M^-||£K(K' + xi^")L.olli,E, 

+ (a-T)t^B^ M^e,-+i(||K'|U,.^.^J||K"||i,i:,+. 

< ^^e,+i(||K'|U..^.^jM^-+iX"||i,s^.^, (XV.38) 
if M and ck are large enough. 

Verification of (1^1): 

Let a)„ and a;^ be the parts of w and tu', respectively, that are of degree n in and 
iP combined. By (XV.37), (XV.38), (XV.34), Proposition XIX.4.ii of [FKTo4] and Corollary 
XlV.lS.i (with p = aJ"^''/^ £=^,B = Cl^7^fj^{k)A{k), CB = const ) 

i+1 i/"o 

^ ^(^+(f^)^^+'ll^'lli.i^,+iem(ll^'lli,^.+i)+const E ^c,-+i+const A™c,-+i 

^ 1 J const 1 const i const 1„ Ai j-^/m ^ 

Consequently, by Proposition XIX. 1 of [FKTo4] 

I„,'a^ /■ T^r\\ ^ 1 J const i const , const 1 . fwr^/w \ 

Therefore, by Corollary A. 5 of [FKTol] 
N-,,{uT{K'),64a, ||K'||i,e,+J 

< 2''a'B^ [,+1 e,+i(||K'||,.^.,j(|<~(K')i;,^^^^,, + |<~(K')i;,^^.,,, 

<22^a^B2[,+,e,+i(||i.'||,.,.,j(|<~(K0|~^^.,,,,+ Tirh 

^ J const I const i const I . fuT^m \ 
^ + + (a-1)^ J^i+nll^ lli,s,+J 

< ie,+i(||K'|U,..^J (XV.39) 
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if M and a are large enough. We have used that | • l2,E,+i,p < I " and | • l4,E,+i,p < 

I • l3,E,+i,p- Similarly, since oj'^^^QiK') = oj'^^^iK') = 0, (XV.30) implies 

< 2^t,-+ie,-+i(||K'||.,.,+J^ 

< ie,+i(||K'|U...^J (XV.40) 

By (IX.18), (XV.26), (0~1) and Lemma IX.S.iii, 

iV-K«(i^'),f,0) < |iV7(«;"(K(K')),«,0) 

< ltj{\\K{K')\\^,^.) 

< const ej+i(||K'||i,s^._^J 

SO that, by Corollary XIX.9 of [FKTo4] and Corollary A.5 of [FKTol], 
N-^,{w'-{K')-u;'l{K')-u:'-{K')Ma, ||i^'||i,E,+ J 

< e,-+i(||K'|U..,^ N- [w"^{K'), f , 0) 

< const j^^^i^T^ ej+i(||-f!r'||i,s^._^J^ 

< |Cj+i(||K'||i.s,+J 

(XV.41) 

Combining (XV.39), (XV.40) and (XV.41), we get 



By (IX.18) and (XV.28), 

Therefore by Corollary XIX.9 of [FKTo4] and Corollary A.5 of [FKTol], 

^7+1 + ^^") L=o - + ^^") ls=o' 64«' 

< const e,-+i(||K'|u,.,^J Ar~(^«;''(K' + sK'OL=o' f' ll^'lli.^.+O 

< const M^+^ tj + l{\\K'\\,,^.^,f\\K"\\^,^.^, 
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By (XV.31), 

^r+i + ^^") L=o' 64«' 



so 



as desired. That w'°'{(l), ip; K) — w'"'{0, ip; K) vanishes unless is nonzero is inherited 

from the same property of w"'. 

Verification of (I'^'i): Bar/unbar invariance and fco-reversal reahty are inherited from the 
corresponding quantities in V^^^ by Remarks B.2 and B.5 of [FKTo2]. 



Proof of Theorem XII. 1: 



Initialization at j = Jq. As at the beginning of §X, let w{(p, tp; K) be the Ej,, -sectorized rep- 
resentative for n^(<jo) (V(V')) (</>, V') — \^J^^^^lK)J'i^ chosen in Theorems VI.12 and XIII.17 
and set 

«;((/), il); K) = V'; K) - w{(j), 0; K) 

Set 

O = . . . = ^;Oo) = 

O /(2) = . . . = /(jo) ^ 

o = for all 2 < i < £ < jo except i = £ = jo 

o 5g(2) = ... = (Jg(io-l) = 

and define 

Sf(:>o+^){K) = the kernel of the part of w{(j), ip; K) that is quartic in (0, ■0) 

= 2ri)2%(fc; i^) - 2wl,{k- 0) + [Cif - (^^0 - e(k))' 

= 2-2,o(/^; i^) - 2wlo{k: 0) - T^^^y^yy^lk) 
By Theorem XIII.17, with w°' replace by w"" 

iV-(«;"(K),a,||K||i,s,J < const a^A^,^ (||K|| J 
^i;(i^"(^ + ^^')L=o'«' l|i^l|i,E,J < const a^ASe,,(||K||i,E,J ||i^'||i,E 



JO 
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If Ao is sufficiently small, depending on M, and a < these bounds and Lemma XV.T.i 

(with C(--'°) replacing C^^^) imply the bounds on 

o w''(K) and ^w^iK + sK') imposed by (0~1) 

o \Sf^^'\0)\l^^^^ and \i-Jf^^^'HK + .i^')L=ol3,E,,p ^^P^^^d by (0^2) 
o \\q(^<^'^^\k)\\\nd \\^5q^^°\K + sK')\^^^ |fimposed by (0~3) 

° l<4(^)^.o.j;,E,,,„p |i,<,~(i^+^^')^.„+.L.okE,„+„P i^P^sed by (0-3) 
The support properties required by (0~1) and (0~3) follow from the conclusion in Theorem 

XIII.17 that w''{(l),ip,K) - w''{0,i{;,K) vanishes unless is nonzero. Finally (0~4) 

follows from Remark B.5 of [FKTo2] and the requirement, stated in the Introduction, §XI, 

to this part, that V satisfy the reality condition (I.l) and be bar/unbar exchange invariant. 

Recursive step j — 1 ^ j . In the proof of Theorem VIII. 5 in §X, we constructed so that 
{Wj, gf, Uj, (p(2),-,p«-i))) G By Theorems XV.4 and XV.8, we have, in addition, that 

{Wj,gf,u„{pi-\-,p(^-^^))eV^£,. Let 

be the decomposition of (0~3), but with K = 0. By (0~3), 

sup |D''g(*'^)(A;)| < SlXl'^" ^M^'^^''^ M^^'M^^^^ 

k 

By (0^-4), (-/cq, k) = g(^'^)(/co, k) for all of the required i, L ■ 



Proof of Theorem 1.7: By (0~2), the kernel of the quartic part of ^j^(O), amputated by 
iko — e(k) rather than = i^Q — e(k) — E(A;), is 



<^/(^+^^(0) + E (/f + |Ant (Fph(/:(^+^)(p,^))) 



where the z^*^ component of fj is /j* ^ = shear(f C|tj"'^(/c)A(/c)), = ^^=2^*5:^ -^-^ 
projection onto the pure part. Recall from Definition VII. 7 that the ladders C^'^\p, f ) were 
defined inductively by 

C^-+'\p, f) = C(-\p, / + 2 £ (-i)^(i2)-^L,(^.; C^), ^^^-"^^^ 
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where Wn = YJl=2 f^l + I ^nt (Vph {p, / )) ) .By the construction of Theorem VIII.5, 
the quartic part of Q, again amputated by iko — e(k) rather than iko — e(k) — is 

g + hm |Ant (Vph(>C(^+^)(p,/))) 

with /« = shear (v(»),C^-*^(/c)^(A;)) and P(A;) = YT=2P'ik) ^ in Lemma XII.2. The 
sum makes sense even though different terms have different sectorization scales because 
arguments are not involved in sectorization. We shall prove convergence shortly. 
The quartic part of correctly amputated by iko — e(k) — T,{k), is 



i=2 

where 



EP<^F«+ lim |Ant(Fph(>C^^+^)(p,F))) 



F(-)=sct(/(-) /^°-^)g^^) : 

= sct(shear(.«,.(^^),^^^gM_) , '^^^-^^^Mk)) 

= sct(shear{sct(^(-) /"°-;(_^)-.^;(^) ) , ^(^-)} , ^^(fc)) 

= set (shear jsct yli (/c)) , iv^^*^} , vl2(A;)) 

since, by (0~2), t'*^*'' vanishes unless its (p momenta are in the support of z/(^*) and the factor 
jy(<*) in the definition of Ai (in Lemma XIL7) is identically one on that support. Set 

v^'^ = shear (set {v^^,Ai{k)) , z^^^^^) 

In this notation, the quartic part of Q, correctly amputated by iko — e(k) — is 

scti^f: P^[d^'^ + Inn iAnt(Vph(>C(^+')(P,^)))] , Mk)] 



■i=2 

00 

We have proven in Lemma XILT.ii that A2{k) is C^^"^. So it suffices to prove that ^P^^^*) 

i=2 

and lim |Ant (Fph(>C(-'+^)(p, have the continuity properties specified in the statement 
of the theorem. 

By (0~2), Lemma XILT.i and Remark XIV.20.ii, 

|5 1; ,,^ < const A;-''"/'r;/"° c, (XV.43) 

Define, for / e .^4,^5 

= sup { |5f((fcl,ai,l),(fc2,<72,0),(fc3,<73,l),(fc4,O-4,0))| | Gi G {j, i}, + fcs = + ^4 } 
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where g is the function on B4 such that 



■^l(0,-,0)(^l' ■ ■ ■ ' = C^T^f^im + H 17n) £f(^l, • • • , ^n) 

By Lemma XII.12 of [FKTo3], 

p«iir< const A;-''"/'r;/"° 

and, if D is dd-operator of type (4, 0) with |5(D)| = 1, in the sense of Definition XIII. 5, 

|||Di;« If < const A;-''"/'r;/"°M^ 
00 

By Lemma C.l, with a = ^ and /5 = 1 - £ P^v^'^ is C^/"o. 

The remaining estimates use cancellations between scales. For this reason, we want 
to replace the j-dependent functions Uj = X]i=2 P^^^ (^) recursive definition (XV.42) 

of iterated particle hole ladders by one j-independent function P{k) = X]^2^^*H^)- 
Definition D.l, we define, recursively on < n < 00, the compound particle hole ladder up 
to scale n as 



(XV.44) 



where «;p,„ = ^.7=2 f^l + I^nt (v^ph(/:?^(/ ))) • For j > 1 set 

\ / Yin 

= E4;^ + jAnt (Fph(£(^)(p,5))) 

£=1 ^ 
By (D.3), with the replacements F*^*) and V — > P, 

*.-E^E^^ + |Ant(T/ph(4-)(r))) 

for all j > 2. Set 
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Subtracting (XV.44) from (XV.42) 



Since £^^\p,v) = di\v') = 

n 



i=l 



By (XV.43), the hypotheses of Theorem XIV.12 with F = v, p = const aJ ^^""^^ 
and £ = are satisfied. Hence, by (D.IO), 

|Vph(5>C«)|3 < const A^''"/^[iCi 
By Lemma XII.12 of [FKTo3], 

|||Vph(5>C(^))||f < const Ao"^^''/^!^ and |||DVph(5>C(')) ||f < const Ao'^^^'/^ljM^ 
for all dd-operators, D, with |5(D)| = 1. By Lemma C.l, with a = K and = 1 — K, 

OO OO r -| 

E ^<^^ph((^>CW) is C^. Thus v^'^ + |Ant(Fph(5/:(^))) is C^/"o. We choose 

,o'2,o-3,o-4 sct( • , A2(fc)) applied to this sum and L 0-^^^0-2,(73, 0-4 {qi,q2,t) to be 

sct( • , A2{k)) applied to lim P(j,Vph.(jC^p~^^\v )) and evaluated at /ci = gi + |, k2 = qi — I, 

n— >oo 

^3 = ?2 + I and k4 = q2 + ^. By [FKTl, Theorem L22] the limit exists pointwise for alH 7^ 
and is continuous there. The same theorem provides the existence of continuous extensions 

of i^ai,a2,a3,a4 (91,92, (0,t)) and L^.^^^^^g,^^ (^i, ^2, (^0, 0)) tO t = 0. ■ 
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Appendix C: Holder Continuity of Limits 



Lemma C.l Let a, P, Cq, Ci > and M > 1. There is a constant C such that if 

oo 

j=o 



with 



then 



Proof: Since 



sup \fj{t)\ < ^ sup < CiM^^- 

_ < c'C^ cf^ \t - 

\m - fjit')\ < 2min [CiM^^lt -t'\,^] 



we have 

oo 

|/w-/(OI<EI/iW-/i(*')l 

< 2 J2 CiM^^\t-t'\ + 2 E 

0<j<oo 0<j<oo 

= C cf^ \t - 

with 



r' — 9/_M_ 4- 
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Appendix D: Another Description of 
Particle— Hole Ladders 



The estimates on iterated particle hole ladders in [FKTl] use cancellations between 
scales. For this reason, we want to replace the j-dependent functions Uj in the recursive 
Definition XIV. 11 of iterated particle hole ladders by one j-independent function. 

Definition D.l Let F = {F(^\ F^^\ ■ ■ ■) be a sequence of antisymmetric, spin independent, 
particle number conserving functions F^^^ G ^4,Ei and v{k) a function on IR x IR^ such that 
\v{k) \ < ||«/co — e(k)|. We define, recursively on < j < oo, the compound particle hole (or 
wrong way) ladders up to scale j, denoted by C^^^ = Cv\f) , as 

= 

1=1 

where w = EL2 ^S,^ + |Ant (v^^C^^))) 

In [FKTl, Remark 1.21] we prove 

Theorem D.2 For every £ > there are constants po) const such that the following holds. 
Let F = (^F^'^\ F^^\ • • •) be a sequence of antisymmetric, spin independent, particle number 
conserving functions F^*) e -^4,^^ and p = {p^'^\p^^\ ■ ■ ■) be a sequence of antisymmetric, 
spin independent, particle number conserving functions p^'^^ G .Fo(2,Sj). Assume that there 
is p < po such that for i >2 

< i^c, b«|,,^^ < ^c, ;)«(0,k) = 

Set v{k) = E»=2^^'Hfc) ■ Then for all j > 1 

|Vph(4'+'n^))l3,5:, < const p^c,. 



Proof that Theorem XIV.12 follows from Theorem D.2: Let F = (F^^\ F^^\ ■ ■ ■) 

and p 

ko = 0, Lemma XII. 12 of [FKTo3] implies that 



(p(2) p(3)^ ■ ■ ■ ) be as in the hypotheses of Theorem XIV.12. Because p^*) vanishes at 



\P^'^(k)\<^\f'o\i^\p^%^l^^<2\zko 



e(k)|^M* = 2p U\iko 



e(k) 



(D.l) 
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Set = Ei2 4? + I Ant (Fph(/:(^)(p,F)) and vj{k) = EtsP^'H^^)- By defi- 

nition 

^0+i)(^^ F) = + 2 E (-1)^(12)^+^ [Le{wj; C^f , C^f ■+^))) (D.2) 

For J > 1 set 

^/(J + I) = + 1 ^ (_i)^(i2)^+iAnt Vph L^K;CO),C(^^ + i))P^-L^(«;,;CW,C(^^ + i))pM 

By induction ones sees that for j >2 

= E + lAnt (V(4^)(F')))^ (D.3) 



i=2 ' 



Since p^'^\k) is supported on the z^*^ extended neighbourhood (defined in Definition 
1.2) and f'^^^ is supported on the j^^ sheU, Cy '' — C'^''^^.^(j)^.^(j+i) • By Proposition XIX.4.iii 
of[FKTo4], 

It follows from (D.l) that 

\v(k) — Vj{k)\ < const p Ij \ikQ — e(k)| 
By Corollary XIX. 13 of [FKTo4], 



E Pe! _ : E 



i=2 



i+1 



i=2 



< const ^cj+i 

l,Ej 



J + 1 oo j-1 

We apply Proposition D.7.ii of [FKToB] with w = E Pe ) ~ E Pe ' u' = v' = E > 

i=2 ^ i=2 ^ i=2 ^ 

£ = const p{j , X = T2 Cj+i (where T2 was defined in Lemma XIII. 6 of [FKTo3]), / = wj and 
get, that for all £ > 1 

v,,{L,{wr,ci^\ci^^+'r'' - L,{wr, cii>, c(f +^))^^) |~ ^ < p (const c,+o' l-.l3,Er 

(D.4) 

Proposition XIX.4.U of [FKTo4] implies that also 



,ph 



E 



Ant V,^{l,{wj; C!i\ C^^^^'^Y'' - L.^; Cg), C^f +^)) 

<Ph (const Cj+i)' |«;j|3^s 
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'J 



We now prove by induction that, if po is small enough, then for all j >2 

(D.6) 

jiT'O) _ < const p3 i._^Cj 

The induction beginning is trivial since F'^^^ = F^'^\ For the induction step, assume that 
(D.6) holds for / < j. Then, using Proposition XIX.4.ii of [FKTo4], 

it-^s/^IsS - const p X) max {[j, j^^jCj < const pCj 
i=2 ' ^ i=2 

Since £v\f') only depends on F'^'^\ • • • , F'^^~^\ Theorem D.2 applies whenever p < ^pQ, 
and 

|V^ph(4^)(F'))|3 < constop^c,-! (D.7) 
with a j-independent constant constg . Therefore, by (D.3) 

\wj\^ Ej- — const(l + constg p) p Cj (D.8) 
Hence, by the Definition of F'^^~^^^ and (D.5) 

\F' (J+i) - F^^+i) I ^ < const p2 £ (const p Cj c^+i) 

' £=1 

/ o 

< const p Cj+i 

Therefore 



ph 



and (D.6) is proven for all j. 
Set 

5^0) ^2 E (-1)^(12/+^ ,C(f+i)) -L,(«;,;C(^),C^^^^ 

Subtracting Definition D.l from (D.2) 

£(^-+i)(p, F) - C^J+^\F') = C(^\p, F)e, - Ci'\F%. + 
Since C^^\p,F) = 6y\F') = 

C^^+^\p,F) - C^J+^\F') = Y,^c'^S, (D.9) 
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By (D.4) and (D.8) 

no 



\Vph{SC^'^)\^^^. <J2pij (const Cj+i) \wj\^ j.. 

oo 

< const p^Cj Ij (const p CjCj+ij 



i=l 

,3, 



< const p Ij Cj 
Hence by Proposition XIX.4.ii of [FKTo4] 

i=l 



(D.IO) 



1=1 

< X^ const p'^liCiCj-2 

< const p^Cj-i 

As pointed out in (D.7) , (D.6) implies that 

|T/ph(4')(^'))|3,E,_, ^ constoP^S-i 
for all j > 2 and Theorem XIV. 12 follows by yet another application of Proposition XIX. 4. ii 
of[FKTo4]. ■ 



The inductive Definition XIV. 11 of iterated particle-hole ladders is suited to direct 
application in the renormalization group analysis of §IX and §XV. Its relation to Definition 
D.l of compound particle hole ladders has been exhibited above. In [FKTl] we use a more 
conceptual description of particle-hole ladders than that of Definition D.l. Corollary D.7 
below and Remark 1.21 of [FKTl] show that the description of particle-hole ladders in Defini- 
tion D.l agrees with that of Definition 1.19 in [FKTl]. Therefore, Theorem D.2 follows from 
Theorem 1.20 in [FKTl]. 

A compound particle-hole ladder of scale j may have a rung which is a particle-hole ladder 
of a scale i < j , and this rung may be "perpendicular" to the direction of the big ladder. 




To make this concept precise, we define 
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Definition D.3 Let X be a measure space and F a four legged kernel on X. The associated 
flipped kernel is 

{xi,X2,Xz,Xi) = —F(xi,X3,X2,X4) 

The kernel F is called inversion symmetric if 

F{x4,,X3,X2,Xl) = F{xi,X2,X3,X4,) 

T 

Lemma D.4 Let L be an inversion symmetric four legged kernel over 2)^. Then 

(AntVph(L))P^ = |(L + L^) 

The proof is left to the reader. 
Example D.5 

i) The propagators C{Ci^\ci-^^^^) over B and C{Ci^\ci-^^^^f^ over are inversion 
symmetric. 

ii) If / is an antisymmetric kernel over then its particle hole reduction f^^ is inversion 
symmetric. 

iii) If /{, /2 are inversion symmetric four- legged kernels over 2)|, and P is an inversion sym- 
metric bubble propagator over B^ then 

iv) If /' is an inversion symmetric four- legged kernel over 2)^^, P an inversion symmetric 
bubble propagator over B^ and £ > 1, then (/' • Py • f is also inversion symmetric. 

v) One proves by induction on j that the compound particle hole ladders C^^^ {p, F) are 
inversion symmetric. 

Proposition D.6 Let T, be a sectorization. Let f be a particle number conserving, antisym- 

T 

metric four legged kernel over Xs, L an inversion symmetric four legged kernel over 2)^, and 
P a particle number conserving, inversion symmetric bubble propagator over B that obeys 
PiCi,^2,^3,U) = PiC2,Ci,U,Cs)- Setw = f+lAnt{Vp^iL)) . Then for £> 1 

{i2f+'{[wPY mwY^ = |[(24/P^ + L + L^) •P^P]^.(24/P^ + L + L^) 
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Proof: By Lemma VII. 5. i and Lemma D.4 



(12)^+^ {[w . pY •wy= 1{24Y+' (/ + I Ant VphL)^" . p^P . • • • p^P . (/ + iAnt VphL)^" 
= I + 3(Ant FphL)P*^) • p^^P • • • • p^P • (24/p^ + 3(Ant VphL)^^) 

= |(24/P^ + L + L^) • P^P • • • • P'^P • (24/P*^ + L + L^) 



Corollary D.7 Let F = [F^'^\ F^^\ ■ ■ •) be a sequence of antisymmetric, spin independent, 
particle number conserving functions F^^^ G -^4.2^ o,nd v{k) a function on IR x such that 
|f(^)| < ^l^ko — e(k)|. in Definition D.l, let C^^^ — Cv\f) be the compound particle 
hole ladder up to scale j. Then for j > 



= £g + g (_i)^ (24P + 4'] + 4'] • ^ • • • • C • (24i^ + 4'] + 4'] 
where F = 4'-^ '''' <^ = . 



Proof: Since C^^'^ and C arc inversion symmetric by Example D.5 and P = C(C^"'\ Ci;""'^^'') 
obeys P(^i, ^2, ^3, ^4) = -P(C25 Ci) ^4) Cs); the Corollary follows from Definition D.l and Propo- 
sition D.6. ■ 
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Notation 



Norms 



Norm 


Characteristics 


Reference 


III * |||l,oo 


no derivatives, external positions, acts on functions 


Definition V.3 


II ' lll,oo 


derivatives, external positions, acts on functions 


Definition V.3 




derivatives, external momenta, acts on functions 


Definition XIII.7 


III ' III oo 


no derivatives, external positions, acts on functions 


Definition VI. 7 


1 ■ 


derivatives, external positions, all but p sectors summed 


Definition VI. 6 


Ill ■ llli,s 


no derivatives, all but 1 sector summed 


(11.6) 


■ 3,1; 


no derivatives, all but 3 sectors summed 


(11.14) 


1 • 


derivatives, external momenta, all but 

{p~H^ external momenta) sectors summed 


Definition Alll.li 


II ■ 111, 5: 


like 1 


■ but for functions on (IR^ x S)^ 


fDef 'n E 3 FKTo4l 




Pm;n ^ 


' l^ll.E,- + TJ l^l3,E, + ^ l^l5,E, if ™ = 

[ li^l<^li,E,- if m 


Definition VI. 6 


Nj{w,a,X) 




Definition VI. 7 


N{g) 


Sm>0 -v (l-w) max{m-2,2}/2 |||^m|||oO 
^0 


Definition VI. 7 


i/i; 


Pm;n ^ 


[ J2p=i j[(p-i)/2] I/Ue, if m 7^ 

J/h,E, + i l/kE, + TJ l/l5,E, if™ = 


Definition XIII. 15 


l/lp,Ej,p 


Pm;n\f\p^-E^ 


Definition XIII. 15 








Definition XIV.6 




Ij ^J\^ ) l^m,n>0 VmjJ \^m,n\j 


Definition XIII. 15 
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Spaces 



Not' 11 


Dcscrii)tioii 


Rc^ferciicc 


E 


counterterm space 


Definition I.l 




space of future counterterms for scale j 


Definition VI.9 


B 


H X H*^ X {t, J,} X {0, 1} viewed as position space 


before Def VII. 1 


B 


H X H*^ X {t,i} X {0,1} viewed as momentum space 


beginning of §VI 


Bm 


{ (^1, • • • ,^m) e -B"" hi + • • • + 17m = } 


Definition XIII.5 




= Xo U Xi = U X E) 


Definition XIV. 1 




= X_i U Xo U Xi = B U i3 U (i3 X S) 


Definition XIV. 16 


Bl 


IR X IR^ X {1,1} viewed as position space 


Definition VII. 3 


Bl 


IR X IR'^ X {t, i} viewed as momentum space 


Definition XIV. 1 


2)1 


& U X E) 


Definition XIV. 1 


J^^{n; E) 


functions on B"^ x (i3 x E)"^, internal momenta in sectors 


Definition VI.3.ii 


Tm{n; S) 


functions on B^ x (i3 x E)"^, internal momenta in sectors 


Definition XIII. 14 




functions on X§ that reorder to J-'mi'n — S)'s 


Definition XIV.6 




ins on X"\ X Xg x (^o x Ej , internal momenta m sectors 


Definition XIV. 17 




functions on X'^ that reorder to J'm,m'{P' — ™ — tti'] E)'s 


jjennition Ai v . i < 


in 


formal input data for scale j 


Definition III.8 




formal output data for scale j 


Definition III.9 


m 


input data for scale j 


Definition IX. 1 


-^out 


output data for scale j 


Definition IX. 2 


in 


more input data for scale j 


Definition XV. 1 




more output data for scale j 


Definition XV.3 
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Other Notation 



Not'n 


Description 


Reference 




number of ko derivatives tracked 


following (1.3) 


r 


number of k derivatives tracked 


following (1.3) 


M 


scale parameter, M > 1 


before Definition 1.2 


const 


generic constant, independent of scale 




const 


generic constant, independent of scale and M 






j^^ scale function 


Definition 1.2 






Definition 1.2 


no 


degree of asymmetry 


Definition 1. 10 


J 


particle/hole swap operator 


(III.3) 


Os(W)((/>,^) 




Definition III.l 






Definition III.l 




i<K<| 


following Definition VI.3 


w 




Theorem XII. 1 


Ao 


maximum allowed "coupling constant" 


Theorem VIII.5 


V 


< < |, power of Aq eaten by bounds 


Definition V.6 


Pm;n{^) 


^-(l-ti) max{m+n-2,2}/2 


Definition V.6 


Pm;n 


Pm;n(Ao){l if m = ; ^ijM^ if m > 


Definition VI.G.ii 


Pm;n 


Pm;n[M)^0 


iheorem Xlll.ll 


U 


= j^^Rj = length of sectors of scale j 


following Definition VI.3 


S. 


the sectorization at scale j of length Ij 


following Definition VI.3 


B 


?'— independent constant 


Definitions VI.7, XIII. 15 




— \XKr- M-^l^l y-*^ + V 1^1^^ OO F OtW-LI 
/ J o < r 1 Ki V \^ / J 1 o 1 > r L-VJ ^ ^(2+ 1 

|(5Q|<r() or |^ol>'^0 


Definition V 2 




» — ^ "IT "in r « — ■> s7 


(XV.l) 




_ 


Definition V.2 




l-M^X 


(XV.l) 


/ext 


extends /(x, x') to /ext ((a:;o, x, cr, a), {x'q, x', cr', a')) 


[Definition E.l, FKTo4] 


* 


convolution 


Definition VIII.6 


• 


ladder convolution 


Definition VII.2, 






Definition XIV.7 


shear ( • ,S) 


maps kernel of W(0, ip) to kernel of W(0, ip + B(j)) 


Definition XIV. 14 


shear' ( ■ ,B) 


maps kernel of >V(0, V') to kernel of V' + B(j)') 


Definition XIV. 19 


sct'( • , B) 


maps kernel of W((/)', (j), ip) to kernel of W{B(j)', (j), ip) 


Definition XIV. 19 


n 


maps kernel of W((^', 0, V') to kernel of W(0, 0, V') 


Definition XIV.17 




Fourier transform 


Notation V.4 
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